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Abstract

Quantified Conditional Logics (QCLs) Classical Higher-order Logic (HOL)

A notion of quantified conditional logics (QCLs) is provided that Types a3 ::= ¢ (worlds indi
, 3 = p (indiv.) | o(Booleans) | a — (3
includes quantification over individual and propositional ey = PLK(X',...,X") | =p|@oV|o=1| A2 ( s )ol ) |
variables. The former is supported with respect to constant and VOXp | VEXp | VP
variable domain semantics. In addition, a sound and complete | | S, t :=Cqo | Xo | (AXaSB)a-p | (Sa-pta)s |
embedding of this framework in classical higher-order logic Interpretation: M = (S, f, D, D', Q,I) where S'is a set of worlds’, (—0-0 S0)o | (So Vo-0-0t0)o | (Ma=0)~0 Sa-0)o
(HOL) is presented. Using prominent examples from the literature it f: S x 2% — 2% s the selection function, D # 0 is a set of N T . : I
is demonstrated how this embedding enables effective individuals (constant domain), D’ is a function that assigns a subset ote: Binder notation VX, 1, as syntactic sugar or Ma-.o)- oA Xalo
automation of reasoning within (object-level) and about D’(w) # 0 of D to each world w (varying domains), Q # 0 is a | |
(meta-level) quantified conditional logics with off-the-shelf collegtion of subsets of W (prop. domain), and I is an interpretation F"ba_':‘e- CO”ZCE)O” {Da}ae”T Stt D, Tt{tTi ]{'— } ?L = ? andDle[ #D@
higher-order theorem provers and model finders. function s.t. for each predicate symbol k, I(k, w) C D". SUSLRERY R S LA LU IR L ST U e
Satisfiability of ¢ (denoted as M, g, s = ) for an interpretation Interpretation: Tuple ({D,}act, ) Where {D,}qc7 is a frame and
. . . : M, a world s € S, and a variable assignment g = (g', gP): where function I maps each typed constant symbol ¢, to an
Overall Motivation and Contribution M.g.s = k(X' . X")iff (G (XY, oo, G(XTY) € I(K, W) appropriate element of D,, called the denotation of ¢,. The
U el T ’ denotations of —, VV and M,_0)_, are always chosen as usual.
_ | - M,g,s = Piff s € g°(P)
QCL.s are ve.ry expressive non-classma! logics; t?ey have many M,g,s=—piff M,g,s [~ ¢ (thatis, not M, g, s = ) An interpretation is a Henkin model iff there is a valuation function
applications; no provers have been av.allable sc.) ar. Howe.ver, M,g,sk= oV if M g,sk oorM,g,s k= V st. V(¢,s.) € D, for each variable assignment ¢ and term s.,
m QCLs are fragme_nts of HOL (with Henkin semantics) M,g,s =X iff M, ([d/X]g', g°),s = pforalld € D and the following conditions are satisfied: V (¢, X,) = #(X.,.),
= and they can easily be automated as such, Vs _ i p , V(o, c.) = I(¢c.), V(0 ln.51) = (V(0, I..5) V(0, 1)), and
: o ) ] : M,g,s =V"“Xpift M,([d/X]g', g"),s = ¢ foralld € D'(s) . .
m they inherit important meta- resp. proof-theoretical , ; p V (o, AX,Sp) represents the function from D, into Dz whose value
properties (cut-elimination, compactness, etc.), and M,g,s = VPoitt M, (g, p/Plg"),s = plorallp € Q for each argument z € D, is V(¢[z/X.], S3). If an interpretation is
M,g,sE=p=vift M,g,t =1 forallt € Ss.t.t € f(s,[v])

m they can easily be combined with other logics in HOL. an Henkin model the function V is uniquely determined.

where [¢] = {u | M,g,u = ¢}

This.resera}ch IS part o]‘ a Iarger. project which takgs HOL. as | | H =HOL siff V(o, s) = T for all ¢. = s iff H =HOL s for all H.
starting point for studying classical and non-classical logics and M =9CL »ifft M, g,s = o forall s, g. = ¢ iff M =9CL o for all M.
their combinations. Reading: [Benzmiiller'13] Reading: [Stalnaker'68],[Delgrande’98] Reading: [Church’40],[Andrews’72a/b],[BenzmullerEtAl 04

Embedding QCLs in HOL — In other words: QCLs are simple Fragments of HOL!

The mapping |- | identifies QCL formulag © with.HOL terms || of T Vaorors Sroror I'If:,’;"f)%. and I'I(HT)%. realize the QCL Theorem: Soundness and Completeness
type T := ¢ — 0. The mapping is recursively defined: connectives in HOL. They abbreviate the following HOL terms: acL ., iff {NE} =HOL vid. ., o] (wrt Henki tics)
SN =" vld, ., || (wrt Henkin semantics
P] = P, o = A AX,—(A X)
:k(X1, oy XM = Kynor XL11 X Vooror = AABAX,(AX V BX) (Proof: By relating Kripke structures to Henkin models.)
-] = -5 ] = ror = MABAXYVV,(FXAV — BYV)
oV = Vroror o] Y] N s = AQu-- AV VX (Q X V) Corollary: Cut-elimination for QCL
-gco:;( ¢JJ = ;iz%% L;O)% [#] Niryor = AQurAVVXy(eiw VX — QX V) There are cut-free calculi for QCL.
o XSO | B nf,‘;”)” N Xu S | n(“_ﬂ” - AR”T{‘VNPT(RP V) | (Proof: Take any cut-free calculus for HOL, e.g. the cut-free se-
- 1 = uor)or MulP The interpretations of f and eiw are chosen appropriately. For the quent calculus from [BenzmllerEtAI'09]. Note, however, the po-
VP = N-r)or APr L] varying domains non-emptiness is postulated: VW,3X,(eiw W X) tential impact of cut-simulation.)
P. and X', ..., X" are variables and k.., is a constant symbol.
. . : Y Meta-level notion of validity defined as vld..., = AA,VS,(A S). Reading: Earlier work is reported in [Benzm.Genovese’'11]

The Encoding in THFO-Syntax Automating Prominent Examples from the Literature (in QCL+ID+MP)

A ._ (Tva va
%——--tfile: A:ioms.:x —;——I —————————————————————————————— ; Example; Pegasus, the wmged horse Notation: » =>x P = (EI X¢) =V X(¢ — ¢)
%——— type mu for individuals i
EhE (mu, type, (mu:$tType)) . | | : It can be consistently stated (in QCL+ID+MP) Example: Opus, the penguin
%$——— reserved constant for selection function £ 4 . ) . . .
thf (£, type, (£:$i> ($i>$0)>$i>$0)) . 5 that: “Horses (h) contingently do not have “Birds (b) normally fly (f), but Opus (o) is a bird that normally does not fly.”
%$——— ‘exists in world’ predicate for varying domains; 6 . : : 9
$——— for each v we get a non-empty subdomain eiwQ@v 7 wings (W) but PegaSUS (p) IS a Wlnged horse. b(X) = x f(X), b(o), b(o) — _If(O)
thf (eiw, type, (eiw:$i>mu>$o0)) . 8
thf (nonempty, axiom, (! [V:$i]:?[X:mu] : (eiw@V@X))) . 9 TaT — CO ; . 1cfi — —
P ey @RI ey, ME s s ea e 1 v¥X(h(X) — —w(X)), h(p), w(p) reports a finite model (H,,=8.6). When V¢° is used: H says unsatisfiable (//5=0.0, H,=7.9).
e ety ia7e, moes (FEEeElestesol) 1 “Birds normally fly and necessarily Opus the bird does not fly.”
thf (or, type, (or: ($i>$0)>($i>$0)>$i>$0)) . 12 : - . y y y p y
o r 1O . . . THFO encoding of this example:

thf (impl, type, (impl: ($i>$0)> ($i>S$0)>$i>S$0)) . 13 b X f X 0 b f
thf (not_def,definition, (not = (" [A:$i>%0,X:8$i]:" (A@X)))). 14 e 1 (X) =x f(X), (b(o) N —f(0))
thf (or _def,definition, (or 15 include (' Axioms.ax’) . 2 .. . .

= ("[A:$i>$0,B:$i>$0,X:$1i]: ((AQRX) | (BEX))))) . 16 o ioms 1D amd M 3 reports a finite model (/7,=8.7). When V°° is used: /1 says unsatisfiable (/75=0.0, ,=7.6).
thf (impl_def,definition, (impl 17 thf (id, axiom, 4 - ) ) ) ) B

= ("[A:$i>$0,B:$i>$0,X:$i] : ((AEX)=>(BEX))))) . 18 (vld@ (all@" [P:$i>S$o] : (cond@P@P)))) . 5 Birds normally fly and necessarily there is a non-flying bird.
%$——— conditionality 19 thf (mp, axiom, 6
the (cond, type, (cond: ($i>$0)> ($i>$0)>$i>$0)) . 20 (v1d@ (all@"[P:$i>$o] : (all@"[Q:$i>$o] : 7 b(X) =x f(X), 0O3"(b(X) A —f(X))
thf (cond def,definition, (cond 21 (implQ@ (cond@PRQ) @ (impl@PRQ)))))) . 8 .

= ("[A:3i>50,B:5i>50,X:51] : ! [W: 31] : ((£@XRAEW) =>(BEW))))) . 22 $——- type declarations 9 reports unsatisfiability (/75=0.0, +,=8.7), also when V°° is used (/75=0.0, /4,=8.8).
%——— quantification (constant dom., wvarying dom., prop.) 23 thf (horse, type, (horse:mu>$i>$0)) . 10
thf (all_co, type, (all_co: (mu>$i>$o0)>$i>$o)). 24 thf (wings, type, (wings:mu>$i>$o0)) . 11 “ni 1 1 1 1 7
thf (all_va, type, (all va: (mu>$i>$0)>$i>$o0)) . 25 thf (£ly, type, (fly :mu>$i>$0)) . 1 Birds normally fly, penguins normally do not fly and that all penguins are necessarily birds.
thf (all, type, (all: (($i>$0)>$i>$0)>$i>$0)) . 26 thf (pegasus, type, (pegasus:mu)) . 13 va
thf (all_co_def,definition, (all_co 27 9——— the statements 14 b(X) =X f(X)v p(X) =X _'f(X)v v El(p(X) — b(X))

= ("[A:mu>$i>$o,W:5i]:! [X:mu] : (ARXRW)))) . 28 thf (axl, axiom, 15 - ) ) .
thf (all_va_def,definition, (all_va 29 (vld@ (all_va@" [X:mu] : 16 generates a finite model (V"2: H,=8.8; V. H;=7.9).

= ("[A:mu>$i>$o,W:$i] :! [X:mu] : ( (eiw@WQRX)=> (A@XQW))))) . 30 (implQ (horse@X) @ (not@ (wings@X)))))) . 17 i C
thf (all_def,definition, (all 31 thf (ax2, axiom, (v1d@ (horse@pegasus))) . 18 Moreover, /1 can conclude from the statements above that “Birds are normally not penguins.

= (T[A: ($i>$0)>8i>$0,W:$i] : ! [P:$i>S0] : (AQP@W)))) . 32 thf (ax3,axiom, (v1ldQ (wings@pegasus))) . 19 va. _ _ _ - \/CO. _ _ _ .
%$——— box operator based on conditionality 33 e 20 (\VI ' =0.9, =10.2, =9.4; V. =0.8, =10.1, _03)
thf (box, type, (box: ($i>$0)>$i>S$0)) . 34 _ o - va
£he (box._def, definition, (box 35 confirms the satisfiability of these formulas b(X) =x ((X), p(X)=x—f(X), VZO(p(X) — b(X)) t b(X)=x—p(X)

= ("[A:$i>$0]: (cond@ (not@A)RA)))). 36 . . . . .
4—— notionm of validity of a conditional logic formula 37 (with Hy=7.7). The finite model generated by In line with Delgrande, H reports a countermodel for the following statement (/,=8.7):
thf (vld, type, (vld: ($i>$0)>$0)) . 38 Nitpick tells us that Pegasus is not 'actual’,
thf (vld_def,definition, (vld 39 NP . 9asts b(X) =x f(X), p(X)=x—f(X), VvV72O(p(X)— b(X)) + b(o)= —p(0)

e (“[A:$i>$0]:1[S:6i]: (AES)))) . 40 l.e., does not exist (cf. eiw) in any world. As
t---— end file: Axioms.ax ————-—=-—--=-—--—-———————————— 1 expected, when the example problem is However, when V° is used, /1 reports a theorem (//5=0.8, /1,=0.4).

formulated with V¢ instead of V'@ then
Reading: Introduction to THFO-Syntax [SutcliffeBenzm. 10] reports unsatisfiability ( —0.0 -5.8) Reading: These examples have been discussed (but not automated) in [Delgrande’98]
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