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See more serious and funny news links at
https://github.com/FormalTheology/GoedelGod/blob/master/Press/LinksToNews.md
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Presentation Structure

A Introduction: Logic Zoo
B Formal Proofs I — Maths
C Higher-Order Provers as Universal Logic Reasoners
D Formal Proofs II — Beyond Maths
E Conclusion

C. Benzmüller, 2016 —– Computational Metaphysics: The Virtues of Formal Proofs Beyond Maths 4



Part A
Logic Zoo
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(A) Introduction — Logic Zoo

Classical Logic, of order

0. Propositional Logic

1. First-order Logic

2. Second-order Logic

. . .

n. Higher-order Logic

Non-Classical Logics
I Intuitionistic/Constructive Logics (incl.

Univalent Foundations)
I Modal Logics, Conditional Logics,

Temporal Logis, Spatial Logics
I Many-valued Logics
I Paraconsistent Logics
I Free Logics, Inclusive Logics
I Logics for special applications: Ethics,

Social Choice, Legal Reasoning, . . .
I . . .

C. Benzmüller, 2016 —– Computational Metaphysics: The Virtues of Formal Proofs Beyond Maths 6



(A) Introduction — Logic Zoo

Classical Logic, of order

0. Propositional Logic

1. First-order Logic

2. Second-order Logic

. . .

n. Higher-order Logic

Non-Classical Logics
I Intuitionistic/Constructive Logics (incl.

Univalent Foundations)
I Modal Logics, Conditional Logics,

Temporal Logis, Spatial Logics
I Many-valued Logics
I Paraconsistent Logics
I Free Logics, Inclusive Logics
I Logics for special applications: Ethics,

Social Choice, Legal Reasoning, . . .
I . . .

C. Benzmüller, 2016 —– Computational Metaphysics: The Virtues of Formal Proofs Beyond Maths 6



(A) Introduction — Logic Zoo

Classical Logic, of order

0. Propositional Logic

1. First-order Logic

2. Second-order Logic

. . .

n. Higher-order Logic

Non-Classical Logics
I Intuitionistic/Constructive Logics (incl.

Univalent Foundations)
I Modal Logics, Conditional Logics,

Temporal Logis, Spatial Logics
I Many-valued Logics
I Paraconsistent Logics
I Free Logics, Inclusive Logics
I Logics for special applications: Ethics,

Social Choice, Legal Reasoning, . . .
I . . .

Example Encodings: Maths

Set Theories: ZF, ZFC, . . .
Arithmetic: Presburger, Peano (with induction as schemata)
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Example Encodings: Maths

Arithmetic: Peano (with induction axiom)
Identity: ∀x.∃F.Fx = x
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Example Encodings: Maths

Arithmetic: Peano (with induction axiom)
Identity: ∀x.∃F.Fx = x
Surjective Cantor theorem: ¬∃F.∀G.∃x.Fx = G
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Russel’s paradox: {x | x < x} ∈ {x | x < x}
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(A) Introduction — Logic Zoo

Classical Logic, of order
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Identity: ∀x.∃F.Fx = x
Surjective Cantor theorem: ¬∃F.∀G.∃x.Fx = G
Leibniz equality: =L := λx.λy.∀P.Px ≡ Py
Leibniz equality is same as primitive equality: =L==

Russel’s paradox: {x | x < x} ∈ {x | x < x}
(λx.¬(x x)) (λx.¬(x x))
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Example Encodings: Maths

Arithmetic: Peano (with Induction Axiom)
Identity: ∀xα.∃Fα�α.Fx =α�α�o x
Surjective Cantor theorem: ¬∃Fα�(α�o).∀Gα�o.∃xα.Fx =(α�o)�(α�o)�o G
Leibniz equality: =L

α�α�o := λxα.λyα.∀Pα�o.Px ≡ Py
Leibniz equality is same as primitive equality: =L

α�α�o=(α�α�o)�(α�α�o)�o=α�α�o

Russel’s paradox: {x | x < x} ∈ {x | x < x}//////////////////////////
(λx.¬(x x)) (λx.¬(x x))///////////////////////////

C. Benzmüller, 2016 —– Computational Metaphysics: The Virtues of Formal Proofs Beyond Maths 6



(A) Introduction — Logic Zoo

Classical Logic, of order

0. Propositional Logic

1. First-order Logic

2. Second-order Logic

. . .
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I Many-valued Logics
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I Free Logics, Inclusive Logics
I Logics for special applications: Ethics,

Social Choice, Legal Reasoning, . . .
I . . .

Henkin Semantics

Avoids the problem with Gödel’s Incompleteness Theorems:
I possibly non-full function/predicate spaces ∀Fα�α. . . . ∀Pα�o. . . .

I more possible model structures
I fewer valid formulas

Reading: [Church,1940], [Henkin,1950], [Andrews,1971/72], [BenzmüllerEtAl,2004]
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Henkin Semantics see e.g. [BenzmüllerBrownKohlhase, JSL,2004]

Standard semantics
Henkin semantics

model structures valid formulas
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(A) Introduction — Logic Zoo

Classical Logic, of order

0. Propositional Logic

1. First-order Logic

2. Second-order Logic

. . .

n. Higher-order Logic

Non-Classical Logics
I Intuitionistic/Constructive Logics (incl.

Univalent Foundations)

I Modal Logics , Conditional Logics,

Temporal Logis, Spatial Logics
I Many-valued Logics
I Paraconsistent Logics
I Free Logics, Inclusive Logics
I Logics for special applications: Ethics,

Social Choice, Legal Reasoning, . . .
I . . .

Example Encodings: Metaphysics/Philosophy

Necessarily, God exists: �∃x.Gx
Kurt Gödel’s definition of God: G := λx.∀Φ.Positive Φ→ Φx
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(A) Introduction — Logic Zoo

Classical Logic, of order

0. Propositional Logic

1. First-order Logic

2. Second-order Logic

. . .

n. Higher-order Logic

Non-Classical Logics
I Intuitionistic/Constructive Logics (incl.

Univalent Foundations)

I Modal Logics , Conditional Logics,

Temporal Logis, Spatial Logics
I Many-valued Logics
I Paraconsistent Logics
I Free Logics, Inclusive Logics
I Logics for special applications: Ethics,

Social Choice, Legal Reasoning, . . .
I . . .

Own Research: Utilise Higher-order Logic (HOL) as Meta-Logic

This turns
I HOL into a (quite) universal logic
I HOL provers into (quite) universal reasoners

Applications in Maths, CS, AI, Philosophy, Comp. Linguistics, . . .
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(A) Introduction — Logic Zoo

Classical Logic, of order

0. Propositional Logic

1. First-order Logic

2. Second-order Logic

. . .

n. Higher-order Logic

Non-Classical Logics
I Intuitionistic/Constructive Logics (incl.

Univalent Foundations)

I Modal Logics , Conditional Logics,

Temporal Logis, Spatial Logics
I Many-valued Logics
I Paraconsistent Logics
I Free Logics, Inclusive Logics
I Logics for special applications: Ethics,

Social Choice, Legal Reasoning, . . .
I . . .

There are many different (Higher-Order) Modal Logics

�ϕ: ϕ holds in all (reachable) possible worlds
^ϕ: there is in a (reachable) possible worlds where ϕ holds

Properties of � and ^ correlated to structure of transition system between worlds
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(A) Introduction — Logic Zoo

Classical Logic, of order

0. Propositional Logic

1. First-order Logic

2. Second-order Logic

. . .

n. Higher-order Logic

Non-Classical Logics
I Intuitionistic/Constructive Logics (incl.

Univalent Foundations)

I Modal Logics , Conditional Logics,

Temporal Logis, Spatial Logics
I Many-valued Logics
I Paraconsistent Logics
I Free Logics, Inclusive Logics
I Logics for special applications: Ethics,

Social Choice, Legal Reasoning, . . .
I . . .

There are many different (Higher-Order) Modal Logics

Modal Logic Cube

Moreover, ∀/∃-Quantifiers may have a Possibilist or Actualist reading
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Part B
Formal Proofs I — Maths
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(B) Formal Proofs I (Maths): Pythagorean Triples

Contribution by:

M. Heule
O. Kullmann
V. Marek
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(B) Formal Proofs I (Maths): Pythagorean Triples

Contribution by:

M. Heule
O. Kullmann
V. Marek

Can the set N = {1, 2, . . . , n} be divided into two
parts such that no part contains a Pythagorean
triple (a,b, c) with a2 + b2 = c2?
n = 10

32 + 42 = 52

(choose color of the other numbers arbitrarily)
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(B) Formal Proofs I (Maths): Pythagorean Triples

Contribution by:

M. Heule
O. Kullmann
V. Marek

Can the set N = {1, 2, . . . , n} be divided into two
parts such that no part contains a Pythagorean
triple (a,b, c) with a2 + b2 = c2?
n = 10

32 + 42 = 52

Unicoloring forbidden!
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(B) Formal Proofs I (Maths): Pythagorean Triples

Contribution by:

M. Heule
O. Kullmann
V. Marek

Can the set N = {1, 2, . . . , n} be divided into two
parts such that no part contains a Pythagorean
triple (a,b, c) with a2 + b2 = c2?
n = 20

32 + 42 = 52

52 + 122 = 132

82 + 152 = 172

(choose color of the other numbers arbitrarily)
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(B) Formal Proofs I (Maths): Pythagorean Triples

Contribution by:

M. Heule
O. Kullmann
V. Marek

Can the set N = {1, 2, . . . , n} be divided into two
parts such that no part contains a Pythagorean
triple (a,b, c) with a2 + b2 = c2?
n = 30

32 + 42 = 52

52 + 122 = 132

82 + 152 = 172

72 + 242 = 252

(choose color of the other numbers arbitrarily)
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(B) Formal Proofs I (Maths): Pythagorean Triples

Contribution by:

M. Heule
O. Kullmann
V. Marek

Can the set N = {1, 2, . . . , n} be divided into two
parts such that no part contains a Pythagorean
triple (a,b, c) with a2 + b2 = c2?
n = 40

32 + 42 = 52

52 + 12
2

= 132

82 + 152 = 172

72 + 242 = 252

202 + 212 = 292

12
2

+ 352 = 372
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parts such that no part contains a Pythagorean
triple (a,b, c) with a2 + b2 = c2?
n = 40

32 + 42 = 52

52 + 122 = 132

82 + 152 = 172

72 + 242 = 252

202 + 212 = 292

122 + 352 = 372

(choose color of the other numbers arbitrarily)
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(B) Formal Proofs I (Maths): Pythagorean Triples

Contribution by:

M. Heule
O. Kullmann
V. Marek

Shown by SAT-Solver:

For n ≥ 7825 consistent bi-
coloring becomes impossi-
ble.

Can the set N = {1, 2, . . . , n} be divided into two
parts such that no part contains a Pythagorean
triple (a,b, c) with a2 + b2 = c2?
n = 40

32 + 42 = 52

52 + 122 = 132

82 + 152 = 172

72 + 242 = 252

202 + 212 = 292

122 + 352 = 372

(choose color of the other numbers arbitrarily)
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(B) Formal Proofs I (Maths): Remember the Logic Zoo

Classical Logic, of order

0. Propositional Logic

1. First-order Logic

2. Second-order Logic

. . .

n. Higher-order Logic

Non-Classical Logics
I Intuitionistic/Constructive Logics (incl.

Univalent Foundations)
I Modal Logics, Conditional Logics,

Temporal Logis, Spatial Logics
I Many-valued Logics
I Paraconsistent Logics
I Free Logics, Inclusive Logics
I Logics for special applications: Ethics,

Social Choice, Legal Reasoning, . . .
I . . .

Previous example (Pythagorean Triples): Classical Propositional Logic
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(B) Formal Proofs I (Maths): Remember the Logic Zoo

Classical Logic, of order

0. Propositional Logic

1. First-order Logic

2. Second-order Logic

. . .

n. Higher-order Logic

Non-Classical Logics
I Intuitionistic/Constructive Logics (incl.

Univalent Foundations)
I Modal Logics, Conditional Logics,

Temporal Logis, Spatial Logics
I Many-valued Logics
I Paraconsistent Logics
I Free Logics, Inclusive Logics
I Logics for special applications: Ethics,

Social Choice, Legal Reasoning, . . .
I . . .

Other examples: Higher-Order Logic

I Four-Colour Theorem: Formal verification by Gonthier in 2005 (Coq)
I Kepler’s Conjecture: Formal verification by Hales in 2014 (HOL-light)
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(B) Formal Proofs I (Maths): Hales’ Flyspeck Project (Kepler Conjecture, 1611)

Kepler (1571-1630)

The most compact way of stacking balls of
the same size in space is a pyramid.

V_ = π
√

18
≈ 74%

I Proved in 1998 by Hales: 300 page proof, with code and data
I Submitted to the Annals of Mathematics: referees gave up to verify it all
I Flyspeck project (completed in 2014):

I A formal verification of the proof in HOL Light
I 27,223 proved theorems, 228 definitions, 30 person-years
I Large data set for heuristics, learning, and reasoning methods

I Recent work of Cezary Kalyszik & Josef Urban:
Combination of Machine Learning & Automated Theorem Proving
Result: more than 50% of the proofs can already be fully automated
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(B) Formal Proofs I (Maths): Remember the Logic Zoo

Classical Logic, of order

0. Propositional Logic

1. First-order Logic

2. Second-order Logic

. . .

n. Higher-order Logic

Non-Classical Logics
I Intuitionistic/Constructive Logics (incl.

Univalent Foundations)
I Modal Logics, Conditional Logics,

Temporal Logis, Spatial Logics
I Many-valued Logics
I Paraconsistent Logics

I Free Logics , Inclusive Logics

I Logics for special applications: Ethics,
Social Choice, Legal Reasoning, . . .

I . . .

Other examples: First-order Free Logics (own jww with Dana Scott)

I Free Logics are well suited for for modeling undefinedness and partiality
I Flaw detected in category theory textbook by Freyd and Scedrov (1990)
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(B) Formal Proofs I (Maths): Theory Exploration in Category Theory (Scott)

I Joint work with: Dana Scott (Berkeley) and students at FU Berlin
I Logics: Free Logic — well suited for modeling undefinedness and partiality
I Results:

I development of 6 related (equivalent) axiom systems for category theory
I from Monoids . . . via Scott’s (1977) axiom system . . . to Freyd/Scedrov (1990)
I for Freyd and Scedrov (1990) we revealed some flaws/issues

I Further Reading: [Benzmüller&Scott, ICMS’2016], [Benzmüller&Scott, arXiv’2016]
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Modern Proof Assistants: Interactive and Automated Proof
Isabelle/HOL (TU Munich & Cambridge University)

(many other systems: Coq, HOL, HOL Light, PVS, Lean, NuPrL, IMPS, ACL2, . . . )
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(B) Modern Proof Assistants: Interactive and Automated Proof
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Part C
Higher-Order Provers as Universal Logic Reasoners

jww:
Larry Paulson (Cambridge, UK), Bruno Woltzenlogel-Paleo (ANU, Australia),

Alex Steen and Max Wisniewski (both FU Berlin)
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(C) Higher-Order Provers as Universal Logic Reasoners

Classical Higher-Order Logic (HOL)
as Universal (Meta-)Logic

via Shallow Semantical Embeddings

Object-Logic L
Syntax

Object-Logic L
Semantics

Examples for L we have already studied:
Modal Logics, Conditional Logics, Intuitionistic Logics, Access Control Logics, Nominal
Logics, Multivalued Logics (SIXTEEN), Logics based on Neighborhood Semantics,
(Mathematical) Fuzzy Logics, Intensional Logics, Paraconsistent Logics, Free Logics,
Deontic Logics, . . .

Works also for (first-order & higher-order) quantifiers
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(C) Higher-Order Provers as Universal Logic Reasoners

HOL (meta-logic) ϕ ::=

L (object-logic) ψ ::=

Embedding of in

=

=

=

=

=

Pass this set of equations to a HOL theorem prover
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(C) Higher-Order Provers as Universal Logic Reasoners

HOL s, t ::= cα | xα | (λxαsβ)α�β | (sα�β tα)β | ¬so | so ∨ to | ∀xα to

HOML ϕ, ψ ::= . . . | ¬ϕ | ϕ ∧ ψ | ϕ→ ψ | �ϕ | ^ϕ | ∀xγ ϕ | ∃xγ ϕ

HOML in HOL: HOML formulas ϕ are mapped to HOL predicates ϕµ�o

(explicit representation of labelled formulas)

¬ = λϕµ�oλwµ¬ϕw
∧ = λϕµ�oλψµ�oλwµ(ϕw ∧ ψw)
→ = λϕµ�oλψµ�oλwµ(¬ϕw ∨ ψw)

∀ = λhγ�(µ�o)λwµ∀dγ hdw
∃ = λhγ�(µ�o)λwµ∃dγ hdw

� = λϕµ�oλwµ∀uµ (¬rwu ∨ ϕu)
^ = λϕµ�oλwµ∃uµ (rwu ∧ ϕu)

valid = λϕµ�o∀wµϕw

Ax (polymorphic over γ)

The equations in Ax are given as axioms to the HOL provers!
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(C) Higher-Order Provers as Universal Logic Reasoners

Example

HOML formula ^∃xGx
HOML formula embedded in HOL valid (^∃xGx)
expansion (λϕ∀wµϕw)(^∃xGx)
βη-normalisation ∀wµ((^∃xGx) w)
expansion ∀wµ(((λϕλwµ∃uµ (rwu ∧ ϕu))∃xGx) w)
βη-normalisation ∀wµ∃uµ(rwu ∧ (∃xGx)u)
syntactic sugar ∀wµ∃uµ(rwu ∧ (∃(λxGx))u)
expansion ∀wµ∃uµ(rwu ∧ ((λhγ�(µ�o)λwµ∃dγ hdw)(λxGx))u)
βη-normalisation ∀wµ∃uµ(rwu ∧ ∃xGxu)

What are we doing?

In order to prove that ϕ is valid in HOML,
–> we instead prove that validϕ can be derived from Ax in HOL.

This can be done with interactive or automated HOL theorem provers.
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(C) Higher-Order Provers as Universal Logic Reasoners
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(C) Higher-Order Provers as Universal Logic Reasoners

What modal logic is best suited for the application at hand?

^�P→ �P

All these logics are well supported in our Semantic Embedding Approach

I postulate axioms (or corresponding semantic conditions)
I modify embedding of quantifiers
∀ = λhγ�(µ�o)λwµ∀dγ hdw modified to ∀ = λhγ�(µ�o)λwµ∀dγ (Ex dw→ hdw)
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Part D
Formal Proofs II (Beyond Maths)

jww: Bruno Woltzenlogel-Paleo (ANU, Australia)
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(D) Formal Proofs II (Beyond Maths)
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(D) Formal Proofs II (Beyond Maths): Gödel’s Ontological Argument
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(D) Formal Proofs II (Beyond Maths): Scott’s Variant of Gödel’s Ontological Argument

Axiom A1 Either a property or its negation is positive, but not both: ∀φ[P(¬φ)↔ ¬P(φ)]

Axiom A2 A property necessarily implied by a positive property is positive:
∀φ∀ψ[(P(φ) ∧ �∀x[φ(x)→ ψ(x)])→ P(ψ)]

Thm. T1 Positive properties are possibly exemplified: ∀φ[P(φ)→ ^∃xφ(x)]

Def. D1 A God-like being possesses all positive properties: G(x)↔ ∀φ[P(φ)→ φ(x)]

Axiom A3 The property of being God-like is positive: P(G)

Cor. C Possibly, God exists: ^∃xG(x)

Axiom A4 Positive properties are necessarily positive: ∀φ[P(φ)→ �P(φ)]

Def. D2 An essence of an individual is a property possessed by it and necessarily implying
any of its properties: φ ess. x↔ φ(x) ∧ ∀ψ(ψ(x)→ �∀y(φ(y)→ ψ(y)))

Thm. T2 Being God-like is an essence of any God-like being: ∀x[G(x)→ G ess. x]

Def. D3 Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x)↔ ∀φ[φ ess. x→ �∃yφ(y)]

Axiom A5 Necessary existence is a positive property: P(NE)

Thm. T3 Necessarily, God exists: �∃xG(x)
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(D) Formal Proofs II (Beyond Maths): Scott’s Variant of Gödel’s Ontological Argument

Axiom A1 Either a property or its negation is positive, but not both: ∀φ[P(¬φ)↔ ¬P(φ)]
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Def. D3 Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x)↔ ∀φ[φ ess. x→ �∃yφ(y)]

Axiom A5 Necessary existence is a positive property: P(NE)

Thm. T3 Necessarily, God exists: �∃xG(x)

Difference to Gödel (who omits this conjunct)
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(D) Formal Proofs II (Beyond Maths): Scott’s Variant of Gödel’s Ontological Argument

Axiom A1 Either a property or its negation is positive, but not both: ∀φ[P(¬φ)↔ ¬P(φ)]

Axiom A2 A property necessarily implied by a positive property is positive:
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Thm. T2 Being God-like is an essence of any God-like being: ∀x[G(x)→ G ess. x]

Def. D3 Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x)↔ ∀φ[φ ess. x→ �∃yφ(y)]

Axiom A5 Necessary existence is a positive property: P(NE)

Thm. T3 Necessarily, God exists: �∃xG(x)

Modal operators are used
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(D) Formal Proofs II (Beyond Maths): Scott’s Variant of Gödel’s Ontological Argument

Axiom A1 Either a property or its negation is positive, but not both: ∀φ[P(¬φ)↔ ¬P(φ)]

Axiom A2 A property necessarily implied by a positive property is positive:
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essences: NE(x)↔ ∀φ[φ ess. x→ �∃yφ(y)]

Axiom A5 Necessary existence is a positive property: P(NE)

Thm. T3 Necessarily, God exists: �∃xG(x)

second-order quantifiers
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(D) Formal Proofs II (Beyond Maths): Vision of Leibniz (1646–1716) — Calculemus!

If controversies were to arise, there
would be no more need of disputa-
tion between two philosophers than be-
tween two accountants. For it would
suffice to take their pencils in their
hands, to sit down to their slates, and
to say to each other . . . : Let us calcu-
late.

(Translation by Russell)

Quo facto, quando orientur controversiae, non magis dispu-
tatione opus erit inter duos philosophos, quam inter duos
Computistas. Sufficiet enim calamos in manus sumere
sedereque ad abacos, et sibi mutuo . . . dicere: calculemus.
(Leibniz, 1684)

Required:
characteristica universalis and calculus ratiocinator
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(D) Formal Proofs II (Beyond Maths): Scott’s and Gödel’s Variants — Demo

Axiom A1 Either a property or its negation is positive, but not both: ∀φ[P(¬φ)↔ ¬P(φ)]

Axiom A2 A property necessarily implied by a positive property is positive:
∀φ∀ψ[(P(φ) ∧ �∀x[φ(x)→ ψ(x)])→ P(ψ)]

Thm. T1 Positive properties are possibly exemplified: ∀φ[P(φ)→ ^∃xφ(x)]

Def. D1 A God-like being possesses all positive properties: G(x)↔ ∀φ[P(φ)→ φ(x)]

Axiom A3 The property of being God-like is positive: P(G)

Cor. C Possibly, God exists: ^∃xG(x)

Axiom A4 Positive properties are necessarily positive: ∀φ[P(φ)→ �P(φ)]

Def. D2 An essence of an individual is a property possessed by it and necessarily implying
any of its properties: φ ess. x↔ φ(x) ∧ ∀ψ(ψ(x)→ �∀y(φ(y)→ ψ(y)))

Thm. T2 Being God-like is an essence of any God-like being: ∀x[G(x)→ G ess. x]

Def. D3 Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x)↔ ∀φ[φ ess. x→ �∃yφ(y)]

Axiom A5 Necessary existence is a positive property: P(NE)

Thm. T3 Necessarily, God exists: �∃xG(x)
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(D) Formal Proofs II (Beyond Maths): Scott’s and Gödel’s Variants — Demo
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(D) Formal Proofs II (Beyond Maths): Scott’s and Gödel’s Variants — Demo
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Results of Experiments
see e.g. [ECAI-2014, IJCAI-2016]
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(D) Formal Proofs II (Beyond Maths): Results of Experiments
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(D) Formal Proofs II (Beyond Maths): Results of Experiments

Automation of Scott’s Variant

Summary
I Proof verified and automated
I Logic KB is sufficient (the often critised S5 not

needed!)
I Possibilist & actualist quantification (for ind.)
I Exact dependencies determined
I Theorem provers found alternative Proofs

e.g. self-identity λx(x = x) not needed
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(D) Formal Proofs II (Beyond Maths): Results of Experiments

Consistency: Gödel vs. Scott

I Scott’s assumptions are consistent;
shown by Nitpick

I Gödel’s assumptions are inconsistent;
shown by LEO-II (new philosophical result)
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(D) Formal Proofs II (Beyond Maths): Results of Experiments

Further Results

I Monotheism holds
I God is flawless
I . . .
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(D) Formal Proofs II (Beyond Maths): Results of Experiments
Modal Collapse (detected first by Sobel)

∀ϕ(ϕ→ �ϕ)

I proved by LEO-II and Satallax
I already in logic KB
I for possibilist and actualist quantification (ind.)

Modal Collapse can be read as:
I There are no contingent truths
I Everything is determined / there is no free will
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(D) Formal Proofs II (Beyond Maths): Avoiding the Modal Collapse
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(D) Formal Proofs II (Beyond Maths): Avoiding the Modal Collapse

Computer-supported Clarification of Controversy
1st World Congress on Logic and Religion, 2015
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(D) Formal Proofs II (Beyond Maths): Avoiding the Modal Collapse
A controversy between Magari, Hájek and Anderson regarding the redundancy of some axioms

S/I = superfl. & indep.; R = superfl. & redund.; S/U = superfl. & unknown whether redund. or indep.; N/I = non-superfl. & indep.; P = provable; CS = counter-satisfiable

Leibniz (1646–1716)

characteristica universalis and calculus ratiocinator
If controversies were to arise, there would be no more need of disputation between two
philosophers than between two accountants. For it would suffice to take their pencils in
their hands, to sit down to their slates, and to say to each other . . . : Let us calculate.

But: Intuitive proofs/models are needed to convince philosophers
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(D) Formal Proofs II (Beyond Maths): Avoiding the Modal Collapse
A controversy between Magari, Hájek and Anderson regarding the redundancy of some axioms

S/I = superfl. & indep.; R = superfl. & redund.; S/U = superfl. & unknown whether redund. or indep.; N/I = non-superfl. & indep.; P = provable; CS = counter-satisfiable

Leibniz (1646–1716)

characteristica universalis and calculus ratiocinator
If controversies were to arise, there would be no more need of disputation between two
philosophers than between two accountants. For it would suffice to take their pencils in
their hands, to sit down to their slates, and to say to each other . . . : Let us calculate.

But: Intuitive proofs/models are needed to convince philosophers

C. Benzmüller, 2016 —– Computational Metaphysics: The Virtues of Formal Proofs Beyond Maths 42



(D) Formal Proofs II (Beyond Maths): See our Recent Publications
I Computer-Assisted Analysis of the Anderson-Hájek Controversy, In Logica

Universalis, 2017.
I Analysis of an Ontological Proof Proposed by Leibniz, Chapter in Death and

Anti-Death, Volume 14, Ria University Press, 2017.
I An Object-Logic Explanation for the Inconsistency in Gödel’s Ontological

Theory, KI 2016, Springer, LNCS, 2016.
I The Inconsistency in Gödel’s Ontological Argument: A Success Story for AI in

Metaphysics, IJCAI 2016, AAAI Press, 2016.
I The Modal Collapse as a Collapse of the Modal Square of Opposition, Chapter in

The Square of Opposition: A Cornerstone of Thought (Collection of papers related to
the World Congress on the Square of Opposition IV, Vatican, 2014), Springer, Studies
in Universal Logic, 2016.

I On Logic Embeddings and Gödel’s God, WADT 2014, Springer, LNCS, 2015.
I Experiments in Computational Metaphysics: Gödel’s Proof of God’s Existence,

In Science & Spiritual Quest, 9th All India Students’ Conference, Bhaktivedanta
Institute, Kolkata, 2015.

I Invited Talk: On a (Quite) Universal Theorem Proving Approach and Its
Application in Metaphysics, TABLEAUX 2015, Springer, LNAI, 2015.

I Automating Gödel’s Ontological Proof of God’s Existence with Higher-order
Automated Theorem Provers, ECAI 2014, IOS Press, Frontiers in Artificial
Intelligence and Applications, 2014.

I . . .
I Further papers in preparation
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Rational Reconstruction of the
Inconsistency of Gödel’s Axioms
[Benzmüller&WoltzenlogelPaleo, IJCAI-2016]
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(D) Formal Proofs II (Beyond Maths): Rational Reconstruction of Inconsistency

Axiom A1 Either a property or its negation is positive, but not both: ∀φ[P(¬φ)↔ ¬P(φ)]

Axiom A2 A property necessarily implied by a positive property is positive:
∀φ∀ψ[(P(φ) ∧ �∀x[φ(x)→ ψ(x)])→ P(ψ)]

Thm. T1 Positive properties are possibly exemplified: ∀φ[P(φ)→ ^∃xφ(x)]

Def. D1 A God-like being possesses all positive properties: G(x)↔ ∀φ[P(φ)→ φ(x)]

Axiom A3 The property of being God-like is positive: P(G)

Cor. C Possibly, God exists: ^∃xG(x)

Axiom A4 Positive properties are necessarily positive: ∀φ[P(φ)→ �P(φ)]

Def. D2 An essence of an individual is a property possessed by it and necessarily implying
any of its properties: φ ess. x↔ φ(x) ∧ ∀ψ(ψ(x)→ �∀y(φ(y)→ ψ(y)))

Thm. T2 Being God-like is an essence of any God-like being: ∀x[G(x)→ G ess. x]

Def. D3 Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x)↔ ∀φ[φ ess. x→ �∃yφ(y)]

Axiom A5 Necessary existence is a positive property: P(NE)

Thm. T3 Necessarily, God exists: �∃xG(x)

��XX

Difference to Gödel (who omits this conjunct)
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(D) Formal Proofs II (Beyond Maths): Rational Reconstruction of Inconsistency
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(D) Formal Proofs II (Beyond Maths): Rational Reconstruction of Inconsistency

[BenzmüllerWoltzenlogelPaleo, IJCAI, 2016]

Def. D2∗ φ ess. x↔���XXXφ(x) ∧ ∀ψ(ψ(x)→ �∀y(φ(y)→ ψ(y)))

Lemma 1 The empty property is an essence of every entity. ∀x (∅ ess. x)

Theorem 1 Positive Properties are possibly exemplified. ∀φ[P(φ)→ ^∃xφ(x)]

Axiom A5 P(NE)
I by T1, A5: ^∃x[NE(x)]

Def. D3 NE(x)↔ ∀φ[φ ess. x→ �∃yφ(y)]
I by D3 ^∃x[∀φ[φ ess. x→ �∃y[φ(y)]]]
I ^∃x[∅ ess. x→ �∃y[∅(y)]]
I by Lemma 1 ^∃x[> → �∃y[∅(y)]]
I by def. of ∅ ^∃x[> → �⊥]
I ^∃x[�⊥]
I ^�⊥

Inconsistency ⊥
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(D) Formal Proofs II (Beyond Maths): Rational Reconstruction of Inconsistency
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(D) Formal Proofs II (Beyond Maths): Gödel’s Manuscript — Inconsistent Axioms
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(D) Formal Proofs II (Beyond Maths): Gödel’s Manuscript — Inconsistent Axioms

Inconsistency Scott

∀φ[P(¬φ)→ ¬P(φ)] A1(⊃)
∀φ∀ψ[(P(φ) ∧ �∀x[φ(x)→ ψ(x)])→ P(ψ)] A2
φ ess. x↔ ∀ψ(ψ(x)→ �∀y(φ(y)→ ψ(y))) D2∗

NE(x)↔ ∀φ[φ ess. x→ �∃yφ(y)] D3
P(NE) A5
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Further Ongoing Work

jww: Ed Zalta (Stanford, US), Dana Scott (Berkeley, US),
Alex Steen and Max Wisniewski (FU Berlin), many others
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(D) Formal Proofs II (Beyond Maths): Lecture Course on Computational Metaphysics

Metaphysics: Foundational Branch in Philosophy, that ...
... studies the fundamental nature of being and the world that encompasses it

... looks beyond experience in the real world
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Adresses ultimate questions, such as:

- What is there?
- What is it like?
- Is there a God?
- What can I know?

Method: Rational Argumentation

Lecture Course won the 2015 Central Teaching Award of FU Berlin
(jww: Alex Steen, Max Wisniewski, and others)

I MSc students in Maths, CS, Philosophy and Physics from FU, TU and HU
I Invited Lectures by Philosophers (Zalta & Lenzen) and Computer Scientists
I First course of this kind worldwide!
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(D) Formal Proofs II (Beyond Maths): Principia Metaphysica (Zalta)

−since ’83→

Principia Logico-Metaphysica

I Objective: Formalisation/Automation of Principia Metaphysica
I Joint work with: Daniel Kirchner (student of mine), Ed Zalta (Stanford)
I Papers: soon
I Logics: Hyper-Intensional Higher-Order Modal Logic
I Results:

I PLM fully formalised (by Daniel), only minor issues detected
I good degree of automation, abstract level theorem prover

I Sources: https://github.com/ekpyron/TAO
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(D) Formal Proofs II (Beyond Maths): Intensional Version of Ontological Argument

I Objective: Formalisation/Automation of Fitting’s Book
I Joint work with: David Fuenmayor (student of mine)
I Papers: soon
I Logics: Intensional Higher-Order Modal Logic
I Results:

I essential parts are formalised (by David), only minor issues detected so far
I good degree of automation

I Sources: https://github.com/cbenzmueller/TypesTableauxAndGoedelsGod
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(D) Formal Proofs II (Beyond Maths): Provability Logic

I Objective: Formalisation/Automation of Boolos’ Book
I Joint work with: David Streit (student of mine)
I Papers: soon
I Logics: Provability Logic
I Results:

I essential parts are already formalised, no issues detected so far
I good degree of automation

I Isabelle sources: will-soon-be-made-public
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Conclusion

I Formal Proofs Increasingly Relevant in Maths, CS and Beyond
I Significant Improvements in Interactive and Automated Theorem Proving
I Universal Logic Reasoning Approach via Shallow Semantic Embeddings
I Deep Analysis of Rational Arguments on the Computer

I exemplary focus on the Ontological Argument
I significant contribution towards a Computational Metaphysics
I even novel results contributed by theorem provers
I related work: only for Anselm’s simpler argument

I first-order ATP PROVER9 [OppenheimerZalta, 2011]
I interactive proof assistant PVS [Rushby, 2013]

I approach works well in practice: matches granularity of human arguments
I approach can be adapted for other logics and logic combinations

Outlook: Many relevant other applications (but I need resources!)

I Maths, Computer Science, Artificial Intelligence
I Philosophy, Natural Language Processing
I Law, Ethical and Moral Reasoning
I Rational Argumentation in general
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Proof in S5
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