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Formel von Kurt Gédel: I

Von Toblas Hrter

Kurt Gogel (um das Jahr 1635): Der Mathematiker hielt seinen Gottesbewels jahrzehnielang geneirm

Ein Wesen existiert, das alle positiven Eigenschaften in sich vereln!. n.. bewies der legendre

Mathematiker Kurt Godel mit einem diesen

Gottesbeweis nun berpriift - und fiir giiltig befunden.

) Montag, 09.09.2013 - 12:03 Une Computer hat es mit Kalter Logik bewiesen - das MacBook des
Computerwissenschaftiers Christoph Benzmuller von der Freien
Universitat Berlin.

& Drucken Versenden [Merken

Jetzt sind die letzten Zweifel ausgersumt: Gott existiert tatsachlich. Ein

Germany

- Telepolis & Heise

- Spiegel Online

-FAZ

- Die Welt

- Berliner Morgenpost

- Hamburger Abendpost
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Austria

- Die Presse

- Wiener Zeitung
- ORF

Italy
- Repubblica
- llsussidario

India

- DNA India

- Delhi Daily News
- India Today

us
- ABC News

International

- Spiegel International
- Yahoo Finance

- United Press Intl.
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Formel von Kurt Godel: Mathematiker bestitigen Gottesbeweis

Von Tobias Hirter
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Formel von Kurt Godel: Mathematiker bestitigen Gottesbeweis

Von Tobias Hirter

Holy Logic: Computer Scientists 'Prove’ God Exists

By David Knight
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Von Tobias Hirter

| Formel von Kurt Godel: Mathematiker bestitigen Gottesbeweis

| Holy Logic: Computer Scientists 'Prove’ God Exists

By David Knight

MEDIA & CULTURE

Is God Real? Scientists ‘Prove’ His
Existence With Godel’s Theory And
MacBooks
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Von Tobias Hirter

| Formel von Kurt Godel: Mathematiker bestitigen Gottesbeweis

| Holy Logic: Computer Scientists 'Prove’ God Exists

By David Knight

MEDIA & CULTURE

Is God Real? Scientists ‘Prove’ His
Existence With Godel’s Theory And
MacBooks

Researchers say they used MacBook to prove Goedel's
God theorem
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Formel von Kurt Godel: Mathematiker bestitigen Gottesbeweis

Von Tobias Hirter

Holy Logic: Computer Scientists 'Prove’ God Exists

By David Knight

MEDIA & CULTURE

Is God Real? Scientists ‘Prove’ His
Existence With Godel’s Theory And
MacBooks

Researchers say they used MacBook to prove Goedel's
God theorem

God exists, say Apple fanboy scientists

With the help of just one MacBoaok, two Germans formalize a theorem that confirms the existence of God.

See more serious and funny news links at
https://github.com/FormalTheology/GoedelGod/blob/master/Press/LinksToNews.md
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https://github.com/FormalTheology/GoedelGod/blob/master/Press/LinksToNews.md

Presentation Structure

A Introduction: Logic Zoo

B Formal Proofs | — Maths

C Higher-Order Provers as Universal Logic Reasoners
D Formal Proofs Il — Beyond Maths

E Conclusion
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Part A
Logic Zoo
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. Higher-order Logic
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. Higher-order Logic

Non-Classical Logics

>

Intuitionistic/Constructive Logics (incl.
Univalent Foundations)

Modal Logics, Conditional Logics,
Temporal Logis, Spatial Logics

Many-valued Logics
Paraconsistent Logics
Free Logics, Inclusive Logics

Logics for special applications: Ethics,
Social Choice, Legal Reasoning, ...
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic

1. | First-order Logic

2. Second-order Logic

n. Higher-order Logic

Example Encodings: Maths

Set Theories: ZF, ZFC, ...
Arithmetic: Presburger, Peano (with induction as schemata)
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. I Higher-order Logic I

Example Encodings: Maths

Arithmetic: Peano (with induction axiom)
Identity: Vx.3F.Fx = x
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. I Higher-order Logic I

Example Encodings: Maths

Arithmetic: Peano (with induction axiom)
Identity: Vx.3F.Fx = x
Surjective Cantor theorem: -AFYGAx.Fx =G
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. I Higher-order Logic I

Example Encodings: Maths

Arithmetic: Peano (with Induction Axiom)
Identity: Vx3AF.Fx = x
Surjective Cantor theorem: -AFYGAx.Fx =G
Leibniz equality: =l := Ax.Ay.VP.Px = Py
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. I Higher-order Logic I

Example Encodings: Maths

Arithmetic: Peano (with Induction Axiom)
Identity: Vx3AF.Fx = x
Surjective Cantor theorem: -AFYGAx.Fx =G
Leibniz equality: =l := Ax.Ay.VP.Px = Py
Leibniz equality is same as primitive equality: ==
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. I Higher-order Logic I

Example Encodings: Maths

Arithmetic:

Identity:

Surjective Cantor theorem:

Leibniz equality:

Leibniz equality is same as primitive equality:
Russel’s paradox:

Peano (with Induction Axiom)
VxAF.Fx = x

-IFVGIAxFx =G

=l := Ax.Ay.VP.Px = Py

{x|x¢x}e{x|x¢gx}
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. I Higher-order Logic I

Example Encodings: Maths
Arithmetic: Peano (with Induction Axiom)
Identity: Vx.AF.Fx = x
Surjective Cantor theorem: —AFYGAx.Fx =G
Leibniz equality: =L = Ax.Ay.VP.Px = Py
Leibniz equality is same as primitive equality: ==
Russel’s paradox: {(x|xgxtef{x|x¢x}
(Ax.=(x x)) (Ax.=(x x))
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. I Higher-order Logic I

Example Encodings: Maths

Leibniz equality is same as primitive equality:
Russel’s paradox:

Ta—a—o0"

Arithmetic: Peano (with Induction Axiom)
Identity: VxoAF 40 FX =400 X
Surjective Cantor theorem: SV (o A e B B 8 = ({12
Leibniz equality: =L = XAy VP, .,.Px =Py

=(a—a—0) ~>(n’~w~>n)~m a—a—0

WXV 11 K BNV K R
(A0 1 XD 1 [0
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. | Higher-order Logic

Henkin Semantics
Avoids the problem with Gédel’s Incompleteness Theorems:
> more possible model structures

> fewer valid formulas
Reading: [Church,1940], [Henkin,1950], [Andrews,1971/72], [BenzmUllerEtAl,2004]

> possibly non-full function/predicate spaces VYFy, .q.... NP, .,....
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. I Higher-order Logic I

Henkin Semantics see e.g. [BenzmillerBrownKohlhase, JSL,2004]

Standard semantics
- Henkin semantics

model structures valid formulas
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. I Higher-order Logic I

Henkin Semantics see e.g. [BenzmillerBrownKohlhase, JSL,2004]

Standard semantics
- Henkin semantics

model structures valid formulas
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(A) Introduction — Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. I Higher-order Logic I

Henkin Semantics see e.g. [BenzmillerBrownKohlhase, JSL,2004]

Standard semantics
- Henkin semantics

model structures valid formulas
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(A) Introduction — Logic Zoo Non-Classical Logics

> Intuitionistic/Constructive Logics (incl.
Classical Logic, of order Univalent Foundations)
0. Propositional Logic > | Modal Logics |, Conditional Logics,
1. First-order Logic Temporal Logis, Spatial Logics
2. Second-order Logic > Many-valued Logics
> Paraconsistent Logics

n. | Higher-order Logic > Free Logics, Inclusive Logics

> Logics for special applications: Ethics,
Social Choice, Legal Reasoning, ...

Example Encodings: Metaphysics/Philosophy

Necessarily, God exists: Odx.Gx
Kurt Godel’s definition of God: G := Ax.N®.Positive ® — Ox
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(A) Introduction — Logic Zoo Non-Classical Logics

> Intuitionistic/Constructive Logics (incl.

Classical Logic, of order Univalent Foundations)

0. Propositional Logic > | Modal Logics |, Conditional Logics,

1. First-order Logic Temporal Logis, Spatial Logics
2. Second-order Logic > Many-valued Logics
> Paraconsistent Logics

n. | Higher-order Logic > Free Logics, Inclusive Logics

> Logics for special applications: Ethics,
Social Choice, Legal Reasoning, ...

Own Research: Utilise Higher-order Logic (HOL) as Meta-Logic
This turns

> HOL into a (quite) universal logic

> HOL provers into (quite) universal reasoners
Applications in Maths, CS, Al, Philosophy, Comp. Linguistics, . ..
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(A) Introduction — Logic Zoo Non-Classical Logics

> Intuitionistic/Constructive Logics (incl.
Classical Logic, of order Univalent Foundations)

0. Propositional Logic > I Modal Logics |, Conditional Logics,

4 s

TAamnaral | Anie Chatial | AniAs

There are many different (Higher-Order) Modal Logics

Og: ¢ holds in all (reachable) possible worlds
O: there is in a (reachable) possible worlds where ¢ holds

Properties of 0 and ¢ correlated to structure of transition system between worlds
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(A) Introduction — Logic Zoo Non-Classical Logics

> Intuitionistic/Constructive Logics (incl.
- - Univalent Foundations)
Classical Logic, of order

0. Propositional Logic > | Modal Logics |, Conditional Logics,

TAamnaral | Anin Chntial | AniA~

There are many different (Higher-Order) Modal Logics

S4f [S5] — M5=MBS5 = MdB5
= M45 = M4B = D4B
= D4B5 = DB5

NIJ |—B M: OP—P
B: P TOP
D: OP— QP
4: 0Op—0O0OP
D4 D45 s opoDop
Modal Logic Cube D5 M
] (D8] e
K 4 B
K4] K45 [KB5] = K4B5 = K4B
K5
K] KB

Moreover, ¥ /3-Quantifiers may have a Possibilist or Actualist reading
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Part B
Formal Proofs | — Maths
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(B) Formal Proofs | (Maths): Pythagorean Triples

Home | News & Comment | Research | Careers & Jobs ‘ Current Issue | Archive ‘ Audio & Video |

IEDTETDTTTE Gontibution by:

< M. Heule
O. Kullmann
Two-hundred-terabyte maths proof is largest ever V- Marek
A cracks the Bool Pythag triples p — but is it really maths?
Evelyn Lamb
26 May 2016
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(B) Formal Proofs | (Maths): Pythagorean Triples

Home | News & Comment | Research | Careers & Jobs ‘ Current Issue | Archive ‘ Audio & Video |

IEDTETDTTTE Gontibution by:

- M. Heule
h O. Kullmann
Two-hundred-terabyte maths proof is largest ever V- Marek
A cracks the Bool Pythag triples p — but is it really maths?
Evelyn Lamb Can the set N = {1,2,...,n} be divided into two
parts such that no part contains a Pythagorean
26 May 2016 triple (a, b, ¢) with a2 + b? = ¢2?
n=10
32442 =52

(choose color of the other numbers arbitrarily)
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(B) Formal Proofs | (Maths): Pythagorean Triples

Home | News & Comment | Research | Careers & Jobs ‘ Current Issue | Archive ‘ Audio & Video |

IEDTETDTTTE Gontibution by:

- M. Heule
h O. Kullmann
Two-hundred-terabyte maths proof is largest ever V- Marek
A cracks the Bool Pythag triples p — but is it really maths?
Evelyn Lamb Can the set N = {1,2,...,n} be divided into two
parts such that no part contains a Pythagorean
26 May 2016 triple (a, b, ¢) with a2 + b? = ¢2?
n=10
32442 =52

(choose color of the other numbers arbitrarily)
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(B) Formal Proofs | (Maths): Pythagorean Triples

Home | News & Comment | Research | Careers & Jobs ‘ Current Issue | Archive ‘ Audio & Video |

IEDTETDTTTE Gontibution by:

- M. Heule
h O. Kullmann
Two-hundred-terabyte maths proof is largest ever V- Marek
A cracks the Bool Pythag triples p — but is it really maths?
Evelyn Lamb Can the set N = {1,2,...,n} be divided into two
parts such that no part contains a Pythagorean
26 May 2016 triple (a, b, ¢) with a2 + b? = ¢2?
n=10
32442 =52

(choose color of the other numbers arbitrarily)
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(B) Formal Proofs | (Maths): Pythagorean Triples

Home | News & Comment | Research | Careers & Jobs ‘ Current Issue | Archive ‘ Audio & Video |

DTS Contribution by

- M. Heule
h O. Kullmann
Two-hundred-terabyte maths proof is largest ever V- Marek
A cracks the Bool Pythag triples p — but is it really maths?
Evelyn Lamb Can the set N = {1,2,...,n} be divided into two
parts such that no part contains a Pythagorean
26 May 2016 triple (a, b, ¢) with a2 + b? = ¢2?
n=10
32442 =52

Unicoloring forbidden!
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(B) Formal Proofs | (Maths): Pythagorean Triples

Home | News & Comment | Research | Careers & Jobs ‘ Current Issue | Archive ‘ Audio & Video |

IEDTETDTTTE Gontibution by:

- M. Heule
h O. Kullmann
Two-hundred-terabyte maths proof is largest ever V- Marek
A cracks the Bool Pythag triples p — but is it really maths?
Evelyn Lamb Can the set N = {1,2,...,n} be divided into two
parts such that no part contains a Pythagorean
26 May 2016 triple (a, b, ¢) with a2 + b? = ¢2?
n =20
32 +4% =57
5%+ 12% = 13
82 +15% = 17°

(choose color of the other numbers arbitrarily)
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(B) Formal Proofs | (Maths): Pythagorean Triples

Home | News & Comment | Research | Careers & Jobs ‘ Current Issue | Archive ‘ Audio & Video |

IEDTETDTTTE Gontibution by:

- M. Heule
h O. Kullmann
Two-hundred-terabyte maths proof is largest ever V- Marek
A cracks the Bool Pythag triples p — but is it really maths?
Evelyn Lamb Can the set N = {1,2,...,n} be divided into two
parts such that no part contains a Pythagorean
26 May 2016 triple (a, b, ¢) with a2 + b? = ¢2?
n =30
32442 =57
5%+ 12% = 13
82 +15% = 17°
7% + 247 = 257

(choose color of the other numbers arbitrarily)
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(B) Formal Proofs | (Maths): Pythagorean Triples

Home | News & Comment | Research | Careers & Jobs ‘ Current Issue | Archive ‘ Audio & Video |

DTS Contribution by

- M. Heule
h O. Kullmann
Two-hundred-terabyte maths proof is largest ever V- Marek
A cracks the Bool Pythag triples p — but is it really maths?
Evelyn Lamb Can the set N = {1,2,...,n} be divided into two
parts such that no part contains a Pythagorean
26 May 2016 triple (a, b, ¢) with a2 + b? = ¢2?
n =40
32442 =57
2
5% 4 =137
8% +15% = 172
7% + 242 = 252

20% +21%2 = 292
2
+352 =372
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(B) Formal Proofs | (Maths): Pythagorean Triples

Home | News & Comment | Research | Careers & Jobs ‘ Current Issue | Archive ‘ Audio & Video |

IEDTETDTTTE Gontibution by:

- M. Heule
O. Kullmann

Two-hundred-terabyte maths proof is largest ever V- Marek

A cracks the Bool Pythag triples p — but is it really maths?
Evelyn Lamb Can the set N = {1,2,...,n} be divided into two
parts such that no part contains a Pythagorean
26 May 2016 triple (a, b, ¢) with a2 + b? = ¢2?
n =40
32442 =57
5%+ 12% = 13
82 +15% = 17°
72 +24% = 252

20% +21% = 292
122 + 352 = 372

(choose color of the other numbers arbitrarily)
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(B) Formal Proofs | (Maths): Pythagorean Triples

Home | News & Comment | Research | Careers & Jobs ‘ Current Issue | Archive ‘ Audio & Video |

DTS Contribution by

M. Heule
0. Kullmann

-
o

Two-hundred-terabyte maths proof is largest ever V- Marek

A cracks the Bool Py

g triples p
Evelyn Lamb

26 May 2016

Shown by SAT-Solver:

For n > 7825 consistent bi-
coloring becomes impossi-
ble.

— but is it really maths?

Can the set N = {1,2,...,n} be divided into two
parts such that no part contains a Pythagorean
triple (a, b, ¢) with a2 + b? = ¢2?

n=40
324+42=52
52 +12% =137
82 +152 = 172
7% +24% = 252

20% +21% = 292
122 + 352 = 372

(choose color of the other numbers arbitrarily)
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(B) Formal Proofs | (Maths): Remember the Logic Zoo

Non-Classical Logics
> Intuitionistic/Constructive Logics (incl.
Classical Logic, of order Univalent Foundations)
» Modal Logics, Conditional Logics,
Temporal Logis, Spatial Logics
1. First-order Logic = Many—valued LOgiCS
2. Second-order Logic » Paraconsistent Logics

0. | Propositional Logic

» Free Logics, Inclusive Logics

. Higher-order Logic » Logics for special applications: Ethics,
Social Choice, Legal Reasoning, ...

-}

Previous example (Pythagorean Triples): Classical Propositional Logic
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(B) Formal Proofs | (Maths): Remember the Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. I Higher-order Logic I

Non-Classical Logics

>

Intuitionistic/Constructive Logics (incl.
Univalent Foundations)

Modal Logics, Conditional Logics,
Temporal Logis, Spatial Logics

Many-valued Logics
Paraconsistent Logics
Free Logics, Inclusive Logics

Logics for special applications: Ethics,
Social Choice, Legal Reasoning, ...

Other examples: Higher-Order Logic

» Four-Colour Theorem: Formal verification by Gonthier in 2005 (Coq)
> Kepler's Conjecture: Formal verification by Hales in 2014 (HOL-light)
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(B) Formal Proofs | (Maths): Hales’ Flyspeck Project (Kepler Conjecture, 1611)

v

v

A\

v

Kepler (1571-1630)

mprupa:,-qi‘va':mm};,

e

3 QA o

et

- % dndi

)9 c riot

¥ é{‘:

The most compact way of stacking balls of @ 2 f:‘;
the same size in space is a pyramid. %E iy
= I x~ il

V_= 5 = 74% gl

Becefiitateconcurrente cumra

Proved in 1998 by Hales: 300 page proof, with code and data

Submitted to the Annals of Mathematics: referees gave up to verify it all
Flyspeck project (completed in 2014):

> A formal verification of the proof in HOL Light

» 27,223 proved theorems, 228 definitions, 30 person-years

> Large data set for heuristics, learning, and reasoning methods
Recent work of Cezary Kalyszik & Josef Urban:
Combination of Machine Learning & Automated Theorem Proving
Result: more than 50% of the proofs can already be fully automated

C. Benzmiiller, 2016 — Computational Metaphysics: The Virtues of Formal Proofs Beyond Maths



(B) Formal Proofs | (Maths): Remember the Logic Zoo

Non-Classical Logics

> Intuitionistic/Constructive Logics (incl.
Univalent Foundations)

» Modal Logics, Conditional Logics,
Temporal Logis, Spatial Logics

1. | First-order Logic = Many—valued Logics

2. Second-order Logic » Paraconsistent Logics

Classical Logic, of order
0. Propositional Logic

> | Free Logics |, Inclusive Logics

n. Higher-order Logic
& g » Logics for special applications: Ethics,

Social Choice, Legal Reasoning, ...

Other examples: First-order Free Logics (own jww with Dana Scott)

> Free Logics are well suited for for modeling undefinedness and partiality

> Flaw detected in category theory textbook by Freyd and Scedrov (1990)
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(B) Formal Proofs | (Maths): Theory Exploration in Category Theory (Scott)

NORTH-HOLLAND
|| MATHEMATICAL LIBRARY
1= e
 Lutegories,
| Allegories
|
l PETER J. FREYD

|
|

ANDRE SCEDROV

North-Holland

> Joint work with:

1.1. BASIC DEFINITIONS

The theory of CATEGORIES is given by two unary operations and a
binary partial operation. In most contexts lower-case variables are used
for the ‘individuals’ which arc called morphisms or maps. The values of
the operations are denoted and pronounced as:

Ox  the source of x ,

x0O  the rarget of x ,
xy  the composition of x and y .
The axioms:
ﬂ xy is defined iff x0O =0y,
E&(Dx)ﬂ =0x and O(D)=x0, PSS
B (@0x=x and x(x0)=1x, b
A% OCo) = 0((@y) and ()0 = (DO, 5
B x(y2)=()z.

Dana Scott (Berkeley) and students at FU Berlin

> Logics: Free Logic — well suited for modeling undefinedness and partiality

> Results:

> development of 6 related (equivalent) axiom systems for category theory
> from Monoids ... via Scott’s (1977) axiom system ...to Freyd/Scedrov (1990)
> for Freyd and Scedrov (1990) we revealed some flaws/issues

> Further Reading:

[Benzmdller&Scott, ICMS’2016], [Benzmiiller&Scott, arXiv'2016]
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(B) Formal Proofs | (Maths): Theory Exploration in Category Theory (Scott)

1.1. BASIC DEFINITIONS

| NORTH-HOLLAND
L § MATHEMATICALLIBRARVYV

The theory of CATEGORIES is given by two unary operations and a

Voo

‘ l lutegnrles' binary partial operation. In most contexts lower-case variables are used
‘\ nll!gnries for the ‘individuals’ which arc called morphisms or maps. The values of
|

the operations are denoted and pronounced as:

| |

{| PETERJ.FREYD |

|| ANDRE SCEDROV | Ox  the source of x ,
|

1

|

“Constricted Inconsistency” or “Missiné Axioms/Conditions”

The axioms:

™ xyis defined iff xO =0y,
@(Dx)ﬂ =0x and O(D)=x0, PSS

B (@0x=x and x(x0)=1x, b
e A O) = Ox(@y) and ()0 = (GDINO, f&b
B x(y2)=()z.

> Joint work with:

» Logics: Free Logic — well suited for modeling undefinedness and partiality
> Results:

> development of 6 related (equivalent) axiom systems for category theory
> from Monoids ... via Scott’s (1977) axiom system ...to Freyd/Scedrov (1990)
> for Freyd and Scedrov (1990) we revealed some flaws/issues

> Further Reading: [Benzmiiller&Scott, ICMS'2016], [Benzmiller&Scott, arXiv'2016]

Dana Scott (Berkeley) and students at FU Berlin
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Modern Proof Assistants: Interactive and Automated Proof
Isabelle/HOL (TU Munich & Cambridge University)

(many other systems: Coq, HOL, HOL Light, PVS, Lean, NuPrL, IMPS, ACL2, ...)
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(B) Modern Proof Assistants: Interactive and Automated Proof

DSe®d@E & 9 D0 @ CDEHEIE B &# O | e»
GodProof.thy (~/chris/trunk/tex/talks/2016-BMS/) :

123 a
124{(* T3: Necessarily, God exists *) =~
5125| theorem T3: "|O(3x. G(x))]" [I g
1126| proof - * 5
127 have L1: " (3x. G(x))[" using Ala A2 A3 by blast g
128 have L2: "|Vx. G(x) — G ess x|" by (smt Alb A4 G_def ess_def) S
129 from L1 L2 have "[O(3x. G(x))]" by (metis A5 G_def NE_def S5) @
130| thus ?thesis . 2
5131 qed =
132 £
E
v Proof state v/ Auto update Update | Search: v 100% - §

proof (prove)
goal (1 subgoal):
1. [(Aw. |S5 w — mexi_prop GJ)|

00100 02106

B v Output Query Sledgehammer Symbols
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Part C
Higher-Order Provers as Universal Logic Reasoners

jww:
Larry Paulson (Cambridge, UK), Bruno Woltzenlogel-Paleo (ANU, Australia),
Alex Steen and Max Wisniewski (both FU Berlin)
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(C) Higher-Order Provers as Universal Logic Reasoners

Classical Higher-Order Logic (HOL)
as Universal (Meta-)Logic
via Shallow Semantical Embeddings

Object-Logic L . Object-Logic L
Syntax D " Semantics
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(C) Higher-Order Provers as Universal Logic Reasoners

Classical Higher-Order Logic (HOL)
as Universal (Meta-)Logic
via Shallow Semantical Embeddings

Object-Logic L . Object-Logic L
Syntax D " Semantics

Examples for L we have already studied:

Modal Logics, Conditional Logics, Intuitionistic Logics, Access Control Logics, Nominal
Logics, Multivalued Logics (SIXTEEN), Logics based on Neighborhood Semantics,
(Mathematical) Fuzzy Logics, Intensional Logics, Paraconsistent Logics, Free Logics,
Deontic Logics, ...

Works also for (first-order & higher-order) quantifiers
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(C) Higher-Order Provers as Universal Logic Reasoners

HOL (meta-logic) ¢ = I——
L (object-logic) v = —

Embedding of Bl in I

Pass this set of equations to a HOL theorem prover
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(C) Higher-Order Provers as Universal Logic Reasoners

HOL S, f = € | Xa | (/Lvasﬁ)a—ﬁ | (s(t—>['3 t(x)ﬁ | o I So V1 | vx(l 1y
HOML e = el Ayl = Y| Dp | Op | VX, @ | A @

HOML in HOL: HOML formulas ¢ are mapped to HOL predicates ¢,
(explicit representation of labelled formulas)
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(C) Higher-Order Provers as Universal Logic Reasoners
HOL S, f = € | Xa | (/ansﬁ)a—ﬁ | (sa—>,8 ta)ﬁ | o I So V1 | vx(t 1y
HOML e = L meleAY e oY Op | Op | Vx, @l dx, ¢

HOML in HOL: HOML formulas ¢ are mapped to HOL predicates ¢,
(explicit representation of labelled formulas)

= A@u_odwy—ew

= ﬂQDyao/ll!/wo/lWy(QDW A Yw)
= AQO”HO/leﬁo/lWH(—'QOW v yw)
/lhy_,(/l_,(,)ﬂW#de hdw

— Ahyﬂ(pﬁo)ﬂwp_ady hdw Ax (polymorphic over y)

= AQu_odw, Yu, (mrwu V pu)
= Apyodw, du, (rwu A ou)

oo w< | >
I

valid

Ao I Wyow

The equations in Ax are given as axioms to the HOL provers!
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(C) Higher-Order Provers as Universal Logic Reasoners
Example
HOML formula
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(C) Higher-Order Provers as Universal Logic Reasoners
Example

HOML formula
HOML formula embedded in HOL
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(C) Higher-Order Provers as Universal Logic Reasoners

Example
HOML formula OAxGx
HOML formula embedded in HOL valid (¢3xGx)
expansion (ApYwuo w)(OdxGx)
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(C) Higher-Order Provers as Universal Logic Reasoners
Example

HOML formula

HOML formula embedded in HOL
expansion

Bn-normalisation
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Yw, ((OAxGx) w)



(C) Higher-Order Provers as Universal Logic Reasoners

Example
HOML formula OAxGx
HOML formula embedded in HOL valid (¢3xGx)
expansion (ApYwuo w)(OdxGx)
Bn-normalisation Yw, ((OAxGx) w)
expansion Yw, (((ApAw,uy, (rwu A @u))AxGx) w)
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(C) Higher-Order Provers as Universal Logic Reasoners

Example
HOML formula OAxGx
HOML formula embedded in HOL valid (¢3xGx)
expansion (ApYwuo w)(OdxGx)
Bn-normalisation Yw, ((OAxGx) w)
expansion Yw, (((ApAw,uy, (rwu A @u))AxGx) w)
Bn-normalisation Yw, du, (rwu A (AxGx)u)
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(C) Higher-Order Provers as Universal Logic Reasoners

Example

HOML formula
HOML formula embedded in HOL

expansion

Bn-normalisation

expansion Yw, (((ApAw,uy, (rwu A @u))AxGx) w)
Bn-normalisation

syntactic sugar Yw, du, (rwu A (I(AxGx))u)
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(C) Higher-Order Provers as Universal Logic Reasoners

Example
HOML formula OAxGx
HOML formula embedded in HOL valid (¢3xGx)
expansion (ApYwuo w)(OdxGx)
Bn-normalisation Yw, ((OAxGx) w)
expansion Yw, (((ApAw,uy, (rwu A @u))AxGx) w)
Bn-normalisation Yw, du, (rwu A (AxGx)u)
syntactic sugar Yw, du, (rwu A (I(AxGx))u)

expansion Yw,du, (rwu A (Ah, -0y Aw, Ad, hdw)(AxGx))u)
=ty Y= (u—o) AWy ldy
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(C) Higher-Order Provers as Universal Logic Reasoners

Example
HOML formula OAxGx
HOML formula embedded in HOL valid (¢3xGx)
expansion (ApYwuo w)(OdxGx)
Bn-normalisation Yw, ((OAxGx) w)
expansion Yw, (((ApAw,uy, (rwu A @u))AxGx) w)

Bn-normalisation
syntactic sugar

Yw, du, (rwu A (AxGx)u)
Yw, du, (rwu A (I(AxGx))u)

expansion Yw,du, (rwu A (Ah, -0y Aw, Ad, hdw)(AxGx))u)
=ty Y= (u—o) AWy ldy

Bn-normalisation
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(C) Higher-Order Provers as Universal Logic Reasoners

Example
HOML formula OAxGx
HOML formula embedded in HOL valid (¢3xGx)
expansion (ApYwuo w)(OdxGx)
Bn-normalisation Yw, ((OAxGx) w)
expansion Yw, (((ApAw,uy, (rwu A @u))AxGx) w)
Bn-normalisation Yw, du, (rwu A (AxGx)u)
syntactic sugar Yw, Jdu, (rwu A (A(AxGx))u)
expansion Yw, Jdu, (rwu A ((Ahy - ooy AW, Ad, hdw)(AxGx))u)
Bn-normalisation Yw, Ju, (rwu A IxGxu)

What are we doing?

In order to prove that ¢ is valid in HOML,
—> we instead prove that valid ¢ can be derived from Ax in HOL.

This can be done with interactive or automated HOL theorem provers.
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(C) Higher-Order Provers as Universal Logic Reasoners

OedEg a9 e

T

0 GodProof.thy (~/chris /trunk /tex/talks/2016-BMS/)

1

© ® o U s WN

theory GodProof imports Main

begin

typedecl i -- "type for possible worlds"
typedecl i -- "type for individuals"
type_synonym o = "(i=-bool)"

(* Shallow embedding modal logiclconnectives in & *)

abbreviation mneg ("—_"[52153) where "—p = Aw. —p(w)"
abbreviation mand (infixr"A"51) where "pAY = Aw. o(w)AP(w)"
abbreviation mor (infixr"v"50) where "oVip = Aw. p(w)Vi(w)"

abbreviation mimp (infixr"—"49) where
abbreviation mequ (infixr"«"48) where
abbreviation mnegpred ("°_"[52]53) where

. p(w) —p(w)"
AW, p(w)—p(w)"
AX AW, @ (x) (w)"

(* Shallow embedding of generic box and diamnond operators *)
abbreviation mboxgen ("O") where "Or ¢ AW, W. rwv — g(v)"
abbreviation mdiagen ("<¢") where "Or ¢ = Aw. dv. rw v A (V)"

(* Shallow embedding of constant domain quantifiers in & *)
abbreviation mall_const ("Vc") where "Vc ©® = Aw.¥x. ®(x)(w)"

DD R@ CDEE DX & Q& [e»
3

abbreviation mallB_const (binder"Vc"[8]19) where "Vc x. p(x) = Vc "

abbreviation mexi_const ("3c") where "3c ® = Aw.3Ix. P(x)(w)

abbreviation mexiB_const (binder"3c"[8]19) where "Jc x. p(x) = Jc ¢

(¥ Proof state ¥/ Auto update | Update | Search: v 100% v

B v Output Query Sledgehammer Symbols

7,33 (185/4922) (isabelle,isabelle, UTF-8-Isabelle) UG

SOUOBYL 2IEIS PPIEPIS  UONEIUAWIND0Q
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(C) Higher-Order Provers as Universal Logic Reasoners
What modal logic is best suited for the application at hand?

ooP — oP
s4] [S5] = Ms=MBS5 = M4B5
= M45 = M4B = D4B
= D4B5 = DB5
NIJ LB M: OP—>P
B: P—O0OP
D: OP— QP
4: [Op-—0O0OP
D4 [D4s] 5. P COP
D5 M
o) | ] s
K B
K4} K45 {KB5] = K4B5 = K4B
K5
(K] (KB

All these logics are well supported in our Semantic Embedding Approach

> postulate axioms (or corresponding semantic conditions)

> modify embedding of quantifiers
Y = Ahy o uoyAwy, Ydy, hdw modified to ¥V = Ahy (o)A, Vdy (EXdw — hdw)
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“If we had it [a characteristica universalis],
we should be able to reason in metaphysics
and morals in much the same way as in
geometry and analysis.”

(Leibniz, 1677)

Part D
Formal Proofs Il (Beyond Maths)

jww: Bruno Woltzenlogel-Paleo (ANU, Australia)
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(D) Formal Proofs Il (Beyond Maths)

Ontological Proofs of God'’s Existence
A Long and Continuing Tradition in Philosophy

PR 49t
@
9002-906}

| e

16 WouLd Be WoRse

OSTERREICH €0.55

St. Anselm Descartes Leibniz Godel

Types, Tableaus,

and Godel’s God Ao
Arguing

About
Gods

w
Melvin Fitting
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(D) Formal Proofs Il (Beyond Maths): Gédel’s Ontological Argument

@ww_o}/’ fsche, Borer Ry, 1o
- T ——

T g b
APl g 3

(4 pEP)

S TR ety

{ G()f) = (P) [ Ply) 2em7 "“(M)

12 g = (y)lya) >Mp[m)w§jjl‘(%&;‘,7‘/;‘

Poug = Wip=y) Mty

A{__L‘ ?/‘f) > A/p/?,) feconse }f m
N%(?’j > /V'v?*[r') } A MMM%

T 66> Geuy /M/’M(g’

)7’; £(x) = ﬂﬁ[‘fﬁkbﬂjx ?(ﬂj Atconzg Eci g
Axs P(£)
T € > N[EJJC(J)
b (7x "
PICY > N (34) 66 )
M6ty > Ml‘l(j‘g)ig) M= fam sty

> Ml6e) ‘

mm; foo chwf)( Wl%

welurve o * o frt g wuninfyy »/ Mt onih
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(D) Formal Proofs Il (Beyond Maths): Scott’s Variant of Gédel’s Ontological Argument

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: Vo[P(—¢) & —P(d)]
A property necessarily implied by a positive property is positive:

VOVYI(P(¢) A BYx[p(x) = ¥(0)]) = P)]
Positive properties are possibly exemplified: Yo[P(d) — Odxp(x)]
A God-like being possesses all positive properties: G(x) & Yo[P(p) — ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: OAxG(x)
Positive properties are necessarily positive: Yo[P(¢) — OP(¢)]
An essence of an individual is a property possessed by it and necessarily implying
any of its properties: ¢ ess. x & d(x) A Yy (x) = OVy((y) = ()
Being God-like is an essence of any God-like being: Vx[G(x) — G ess. x]
Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x) & Yol ess. x — Odyp(y)]
Necessary existence is a positive property: P(NE)
Necessarily, God exists: 0dxG(x)
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(D) Formal Proofs Il (Beyond Maths): Scott’s Variant of Gédel’s Ontological Argument

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: Vo[P(—¢) & —P(d)]
A property necessarily implied by a positive property is positive:

VOVYI(P(¢) A BYx[p(x) = ¥(0)]) = P)]
Positive properties are possibly exemplified: Yo[P(d) — Odxp(x)]
A God-like being possesses all positive properties: G(x) & Yo[P(p) — ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: OAxG(x)
Positive properties are necessarily positive: Yo[P(¢) — OP(¢)]
An essence of an individual is a property poss it and necessarily implying

any of its properties: ¢ ess. x «f d(x) A|YY @ (x) = OVY(() = ¥()))
Vx[G(x) — G ess. x]
Necessary existence of an individual is the necessary exemplification of all its

essences: NE(x) & Yol ess. x — Odyp(y)]
P(NE)

O0dxG(x)

Being God-like is an essence of any God-like bemng:

Necessary existence is a positive property:
Necessarily, God exists:

Difference to Gédel (who omits this conjunct)
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(D) Formal Proofs Il (Beyond Maths): Scott’s Variant of Gédel’s Ontological Argument

Axiom A1 Either a property or its negation is positive, but not both: Vo[P(—¢) & —P(d)]
Axiom A2 A property necessarily implied by a positive property is posiiye:

VYOVY[(P(9) X[¢(X) -y - Pl

Thm. T1 Positive properties are possibly exemplified: Vo[ P(p) — Oxp(x)]

Def. D1 A God-like being possesses all positive properties: G(x) & Yo[P(p) — ¢(x)]

Axiom A3 The property of being God-like is positive:
Cor. C Possibly, God exists:

P(G)
Axiom A4 Positive properties are necessarily positive: Yo[P(p)
Def. D2 An essence of an individual is a property possessel by it and necessarily#nplying
any of its properties: ¢ ess. x & Jx) A Y (x) » oHlo(y) = ()
ng: Vx[G(x) = G ess. x]
Def. D3 Necessary existence of an individual is the negessary exgafplification of all its
essences: WL (x) & Yoo ess. x — Odyd(y)]
P(NE)
O0dxG(x)

Thm. T2 Being God-like is an essence of any God-like bg

Axiom A5 Necessary existence is a positive property:
Thm. T3 Necessarily, God exists:

Modal operators are used
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(D) Formal Proofs Il (Beyond Maths): Scott’s Variant of Gédel’s Ontological Argument

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not
A property necessarily implied by a positiy,

Yoyl

Positive properties are possibly exemplffied:
A God-like being possesses all positivg properties:
The property of being God-like is posifjve:

Possibly, God exists:
Positive properties are necessarily posltive:
An essence of an individual is a proper

both: Vo[P(—¢) & —P(d)]
ty is positive:

(P(¢) A OYx[¢(x) = y(x)]) = P(Y)]

Vo[P(¢) — Odxd(x)]

G ¢) = ¢

P(G)

OAxG(x)

V¢[P($) — OP(§)]

possessed by it andAecessarily implying

any of its properties: dkss. x & d(x) A Yyl(x) — OVY(d(Y) — ¥()))

Being God-like is an essence of any Go

Necessary existence of an individual is t
essences:

Necessary existence is a positive property
Necessarily, God exists:

Yx[G(x) — G ess. x]

¢ exemplification of all its
NE(x) & Yol ess. x — Odyp(y)]

P(NE)
O0dxG(x)

second-order quantifiers
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(D) Formal Proofs Il (Beyond Maths): Vision of Leibniz (1646-1716) — Calculemus!

Quo facto, quando orientur controversiae, non magis dispu-
tatione opus erit inter duos philosophos, quam inter duos
Computistas. Sufficiet enim calamos in manus sumere
sedereque ad abacos, et sibi mutuo ... dicere: calculemus.
(Leibniz, 1684)

If controversies were to arise, there
would be no more need of disputa-
tion between two philosophers than be-
tween two accountants. For it would
suffice to take their pencils in their
hands, to sit down to their slates, and
to say to each other ...: Let us calcu- .
late. Required:

(Translation by Russell) characteristica universalis and calculus ratiocinator
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(D) Formal Proofs Il (Beyond Maths): Scott’s and Gédel’s Variants — Demo

Axiom A1 Either a property or its negation is positive, but not both: Vo[ P(—=¢) & —=P(¢p)]

Axiom A2 A property necessarily implied by a positive property is positive:
YOVY[(P(9) A OYx[$(x) = Y(x)]) = P)]

Thm. T1 Positive properties are possibly exemplified: Vo[P(¢) — OTxp(x)]
Def. D1 A God-like being possesses all positive properties: G(x) & Yo[P(¢) — ¢(x)]
Axiom A3 The property of being God-like is positive: P(G)
Cor. C Possibly, God exists: OAxG(x)
Axiom A4 Positive properties are necessarily positive: Vo[P(¢) — OP(¢)]
Def. D2 An essence of an individual is a property possessed by it and necessarily implying
any of its properties: ¢ ess. x & dp(x) A YY(x) = av¥y(e(y) — v()))
Thm. T2 Being God-like is an essence of any God-like being: Vx[G(x) — G ess. x]
Def. D3 Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x) & Yo[¢ ess. x — Odyd(y)]
Axiom A5 Necessary existence is a positive property: P(NE)
Thm. T3 Necessarily, God exists: o0dxG(x)
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(D) Formal Proofs Il (Beyond Maths): Scott’s and Gédel’s Variants — Demo

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor.C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

YPLP(~¢) & =P(¢)]

YoVy[(P(@) A OYx[p(x) — Y (0)]) — P)]
Vo[P(¢) = OIxg(x)]

G(x) & YP[P(¢) — ¢(x)]

P(G)

oG (x)

Yo[P(¢) — OP($)]

¢ ess. x & ¢(x) A V(p(x) - OVy(d(y) = ()
Vx[G(x) — G ess. x]

NE(x) & Yo[¢ ess. x — Odyd(y)]
P(NE)
OdxG(x)
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(D) Formal Proofs Il (Beyond Maths): Scott’s and Gédel’s Variants — Demo

Axiom A1
Axiom A2

Def. D1

Axiom A3

Axiom A4

Def. D2

Def. D3

Axiom A5
Thm. T3

YoLP(~¢) & —P(¢)]

YoVYl(P(¢) A OYx[¢(x) = Y()]) = P(Y)]

G(x) & Yo[P($) — ¢(x)]
P(G)

Yo[P(¢) — OP(¢)]

¢ ess. x & p(x) A VY((x) = OVy(@(y) = v()))

NE(x) & Yo[¢ ess. x — Odyd(y)]

P(NE)
OdxG(x)
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(D) Formal Proofs Il (Beyond Maths): Scott’s and Gédel’s Variants — Demo

Iedo & 5 e DB R@® - B850 BX & © I[&]»

) GodProof.thy (~/chris /trunk/tex/talks/2016-BMS/) :

84 AN “|VP @, P("®) — —P(3)]" and Alb: "|VP &. —P(3) — P("®)|" and
85| A2: [V @ W. P(®) A O(Vx. ®(x) — W(x)) — P(¥)]"

86| theorem T1: "|VPd. P(P) — <O(3x. $(x))]" using Ala A2 by blast

87| definition G where "G(x) P(D) — B(x))"

88| axiomatization where A3:
89| corollary C: "[&(3x. G(x))|" by (metis A3 T1)

90| axiomatization where Ad: "[VP &. P(®) — O(P(P))]"

91| definition ess (infixr "ess" 85) where "® ess x = d(x) A (V° 0. U(x) — O(Vy. @(y) — U(y)))"
92| theorem T2: "[V¥x. G(x) — G ess x|" by (smt Alb A4 G_def ess_def)

[ 83| axiomatization where

93| definition NE where "NE(x) = (¥’ ®. ® ess x — O(3x. ®(x)))"
94| axiomatization where A5: "|P(NE)|"
95|

96| (* T3: Necessarily, God exists *)
97| theorem T3: "|O(3x. G(x))|"

100| (* Check for Consistency *)

102| (* Check for Inconsistency *)
103|lenma False sledgehammer [remote leo2,verbose]

106l

VI Proof state (¥ Auto update | Update | Search: v  100% v
proof (prove)
goal (1 subgoal):
1. [(Aw. [S5 w — mexi_prop G|)]

B ~ Output Query Sledgehammer Symbols

C. Benzmiiller, 2016 — Computational Metaphysics: The Virtues of Formal Proofs Beyond Maths
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“God is dead.”

- Nietzsche, 1883

“Nietzsche is dead.”

- God, 1900

Results of Experiments
see e.J. [ECAI-2014, IJCAI-2016]
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(D) Formal Proofs Il (Beyond Maths): Results of Experiments

Al
A2
T1
D1
A3

A4
D2

D3
AS

MC

FG

MT

co

DY
co’

HOL encoding dependencies

V812 By o (X (X)) £ “(ph)]
Yo Vo (Pusarro® A BV X, (BX D YX)) S ]

Ydy-o- Pu—c)—cd > 3X,-$X] Al(2),A2
. Al,A2

Bu-o = A Nuoe Plum oy o S X

[e(&—rv‘]—ra‘g’lﬁlr

[63X,n g0 X] T1,D1,A3
A1,A2,D1,A3

Véyson Pu—so)-o$ S Opgl . .

€8Sy = Apuso AX e SX AVY - (X S OVY . (Y D YY)

VX £ X S (€58 (um ) 8 X)] Al1,D1,A4,D2

Al1,A2,D1,A3,A4,D2
NE,.; = AX,. Vo (es5 X S5 (1AY .. 6Y)

[p(ﬂ“D')A‘G'NEK“W

[B3X, g e X1 D1,C,T2,D3,AS
Al1,A2,D1,A3,A4,D2,D3,AS
D1,C,T2,D3,A5
Al1,A2,D1,A3,A4,D2,D3,A5

[ss D Os,] D2,T2,T3

. i Al,A2,D1,A3,A4,D2,D3,A5
Ve VX (g e X D (H(Plum)-e ) 5 2($X)))] AL, D1
Al1,A2,D1,A3,A4,D2,D3,A5
VX VY (8o X D (g Y 35X =) DLFG
Al1,A2,D1,A3,A4,D2,D3,A5

0 (no goal, check for consistency) Al,A2,D1,A3,A4,D2,D3,A5

€511 = Wesrr AXe Wy (PX 3 BVY, (BY SYT))

0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS
Al,A2,D1,A3,A4,D2°,D3,A5

logic

ksl

KB
KB

KB
KB
KB
KB
KB
KB

KB

KB
KB

status

THM
THM

THM
THM

THM
THM

CSA
CSA
THM
THM

THM
THM
THM
THM
THM
THM

SAT

UNS
UNS

LEO-IT
const/vary

0.1/0.1
0.1/0.1

0.0/0.0
0.0/0.0

19.1/18.3
12.9/14.0

——

_/_
0.0/0.1
_/_

17.9/—
_/_
16.5/—
12.8/15.1
_/_
_/_

——

7.5/7.8
——

Satallax
const/vary

0.0/0.0
0.0/5.2

0.0/0.0
52/313

0.0/0.0
0.0/0.0

—)—

_/_
0.1/53
_/_

33/32
_/_
0.0/0.0
0.0/5.4
0.0/3.3
_/_

—f—

—f—
—f—

Nitpick
const/vary

—/—
—f—

—f—
—/—

—f—
—/—
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(D) Formal Proofs Il (Beyond Maths): Results of Experiments

HOL encoding dependencies logic status LEO-II Satallax Nitpick
Al V8o oo (WX (B X)) £ (pg)]
A2 VO Wi (Plusarso® A OV, (9X DY X)) S py]
Tl Voo Pu—e)mc® D SIX,.6X] Al1(2),A2 K THM 0.1/0.1 0.0/0.0 ——
. Al,A2 K THM 0.1/0.1 0.0/5.2 ——

D1 Bu-c = Ay NPyson Plu-r o > X
A3 [Pyororo8u-e
C [03X e g0 X1 T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——

A1,A2,D1,A3 K THM  0.0/0.0 52/313 —/—
AL NVyoPyoci-o® > Opg] ) .
D2 e884uc)umo = Wysa A $X AV e (BX S OVY,. (BY 5 YY)
T2 VX e X D (€55-0)pno 8 X1 A1,D1,A4,D2 K THM 19.1/183 00/00  —/—

Al A2 D1 _A3 A4 D2 K THM _129/140 __00/00 R —
D3  NE,., = XV, .0 (@ . ) -
A5 (o NEp ] Automation of Scott’s Variant
T3 [B3Xugu-oX]

Summary
> Proof verified and automated
MC [soRgse] » Logic KB is sufficient (the often critised S5 not
FG  [Vé, .V > needed!)
MT VX VY (g0 X 5 (g > Possibilist & actualist quantification (for ind.)
CO 8o goal, check for con » Exact dependencies determined
P v o B o » Theorem provers found alternative Proofs
e.g. self-identity Ax(x = x) not needed

C. Benzmiiller, 2016 — Computational Metaphysics: The Virtues of Formal Proofs Beyond Maths
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(D) Formal Proofs Il (Beyond Maths): Results of Experiments

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary

Al Voot Plum)o (AN S($X)) = 5(pp)]

A2 Vo Vo (P A nvx @XDyX) 3 py]

T1 [v¢”av_ P(;.A—ur)—«r¢3 ¢ A1) A0 A4 THM _(01/01 00/00 L

Dl gy = X Vyvepie] Con5|stency. Gébdel vs. Scott

A3 [Pyororo8u-e

C 63X, g0 X] 5 n .

s » Scott’s assumptions are consistent;
Ad NPy 020D shown by Nitpick
o
> (e88y-) » Godel’s assumptions are inconsistent;
X, VP, o (@ shown by LEO-II (new philosophical result)

Al AZ DI, A3 A4, D2, D3, A5 K CSA™T —/— —— 8.2[1.5
D1,C,T2,D3,A5 KB THM 00/01  0.1/53  —/—
A1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——

MC  [s, S 0s,] D2,T2,T3 KB THM 179/— 33/32  —/—
A1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— —f—

FG Voo VX (8o X 5 (M(Pluo)-c ) D 2(@X))]  Al,D1 KB THM 165/—  0.0/0.0 ——
A1,A2,D1,A3,A4,D2,D3,A5 KB THM 128/151 00/54  —/—

MT VX VY (guoX D (gue0¥ 3X=Y)] DI1,FG KB THM —/— 00/33  —/—
A1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——

CO  0(no goal, check for consismgcy) Aly,A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —— 13/74

D2 e85uo0)mpmo = Moo AX s Vo (PX D OVY,. (Y D YY)

CO’ 0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS KB UNS 17.5/7.8 —— ——
Al,A2,D1,A3,A4,D2°,D3,AS KB UNS —/— —/— —/—
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(D) Formal Proofs Il (Beyond Maths): Results of Experiments

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al Vo P (AX (X)) = 5(pg)]
A2 Yoo YW om (Pucyoo® A OV X, (9X DY X)) S py]
Tl Voo Pumarmod D OIX,-$X] Al(2),A2 K THM  0.1/0.1 0.0/0.0  —/—
Dl g, =AX:V$,0-p.  Further Results
A3 [Pyororo8u-e
c [03X,- g0 X]
. . > i
A V6B od S Monotheism holds
D2 s A :
b N > God is flawless
D3 e = AV o (e GREE
[Py—0)-oNEy-0]
[63X,. 840 X] L1,y Lay U0y Ao n con —— —— Jwoju
Al,A2,D1,A3,A4,D2,D3,A5 K CSA —/— —— 82/75
D1,C,T2,D3,A5 KB THM 0.0/0.1 0.1/5.3 —f—
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— —/—
MC [syS0sq] D2,T2, T3 KB THM 179/— 3.3/3.2 ——
Al A2 D A2 A4 D9 D1 AS IR MNSLY /
FG Voo VX (8o X D (2(Pluo)-c ) D 2(@X)))] Al,D1 KB THM 165/—  0.0/0.0 —
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM 128/151 00/54  —/—
MT VX VY (guoX D (gue0¥ 3X=Y)] DI1,FG KB THM —/— 00/33  —/—
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —)— —/—
CO  0(no goal, check for consismgcy) Aly, A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —— 13/74
D2 eS80 = Ao AXy- Vo (X 5 OVY, (Y YY)
CO’ 0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS KB UNS 17.5/7.8 —— ——
Al,A2,D1,A3,A4,D2°,D3,A5 KB UNS —/— —— —/—
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(D) Formal Proofs Il (B~-r== " #f-tlat. Mocolis of Foceonfom oot
Modal Collapse (detected first by Sobel)

HOL encoding

Al Voot Py (A v N
A2 Vs VW (P wlp ®)
Tl Voo Pu—o)-c® > 63

Dl guo = AXu VP > proved by LEO-Il and Satallax
A3 [Pyororo8u-e

€ [09X,rgu0X] > already in logic KB

AL Ve, ' w;;f“_‘; > for possibilist and actualist quantification (ind.)
X g,:.,X =) (es:(“ﬂ,),

NEy o = D Ve 8 Modal Collapse can be read as:

[Plu—c)~oNE,—0] i
e > There are no contingent truths

> Everything is determined / there is no free will

MC [syS0sq] D2,T2, T3 KB THM 179/— 3.3/3.2 —/—
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——

TG V0o WA Beo A DU Do) =c @) > ) ST— 70 ——
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM 128/151 00/54  —/—

MT  [VXuVYu(guaoX D (gue0¥ 3X=Y)] DI,FG KB THM —/— 00/33 —/—
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— — —)—

CO  0(no goal, check for consistency) Al,A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —— 13/14

D2 eSSquoc)mpmo = Mo AXy- Vo (WX D OVY,. (Y S YY)

CO’ 0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS KB UNS 17.5/7.8 —— ——
Al,A2,D1,A3,A4,D2°,D3,A5 KB UNS —/— —— —/—
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(D) Formal Proofs Il (Beyond Maths): Avoiding the Modal Collapse

SOME EMENDATIONS OF GODEL'S
ONTOLOGICAL PROOF

C. Anthony Anderson

Kurt Godel's version of the ontological argument was shown by J. Howard

Sobel to be defective,

in a version which is immune to Sobel's objection. A definition is suggested

‘which permits the proof of some of Gédel’s axioms.

Der Mathematiker und die Frage der Existenz Gottes
(betreffend Gédels ontologischen Beweis)

e g i
i
Sy
1. Einfiibrung
1

g.w-m Zweck e vor-

i i 2 e D i oo Tt wisatagn 1 datch Ko
e hm‘ ﬂm litheorie. Di

C. Benzmidiller, 2016 — Computational Metaphysics:

et s e ophicnen Rzum Wit e ettn e b i e

|ober Godels von Profes-
Tanner 1991), cne Vet

schriflche Version gebeten wur-

fde, entschlo ich mich, schnell eine erweiterte Kurzfassung* | zu schreiben, oine aus ik einen

Gaodel’s Ontological Proof Revisited *

C. Anthony Anderson and Michacl Gettings
University of California, Santa Barbara,
Department of Philosophy

Godel's version of the modal ontological argument for the existence of
God has boen iz by J. Howazd Sobel (] and modified by C. Authony

Magari and others on Gddel’s ontological
proof

Petr Héjek
Institute of Computer Science, Academy of Sciences
182 07 Prague, Czech Republic
e-mail: hajek@uivt.cas.cz

. In the. extent to
emendation is defeated by the type of objection first offered by prog i
Gaunilo to St. Anselm’s original Ontological Argument. And we try to push
the analysis of this Godelian argument a bit further to bring it into closer
agreement with the details of Godel’s own formulation. Finally, we indicate
what seems to be the main weakness of this emendation of Godel’s attempted
proof.

A New Small Emendation of
Gédel’s Ontological Proof

PETR HAIRK

Keyuords: Ontological proef, Giide, modal lgie, compaehension, posicive propestics

1. Introduction

Gédel’s ontalogical proof of necessary existence of a godlike being was finally
published in the third volume of (i6del’s collected works [7]: bt it became
known in 1070 when Gédel showed the proof to Dana Scoti and Scott pre-
sented it (in fact & variant of it) at & seminar at Princeton. Detailed history
i found in Adams’introciuctory remarks to the ontological pmuf in [7]. The
proof uses modal logic and its analysis is an exc in systems of
formal ol logic. Noodies 10 sny, formal sodal o s foumd soversl

The Virtues of Formal Proofs Beyond Maths

1 Totroduct
Thiaphpee d omtimusion oy peper (1] comomonion s
sively to ical ies of logical systems underlying Gédel's on-
tological proof [G] and its variant by Anderson [A}, with special care paid to

cal pr
Magari’s criticism [M]. Since [H) is written in German, we shall try to summa-
tize ts content in such a way that knowledge of (] will be not obligatory for
reading the present paper (even it remains advantageous). Here we describe

Understanding Godel’s
Ontological Argament

FRODE BIGRDAL *

11 1970 Kurt Gidel, in a hand-sritten note entitled “Ontologischer Boweis',
put forward an ontological argument for the existenze of God, making use of
second-order modal logical principics. Let the second-order formala P(F)
stand for “the property F is positive”, and lot “God” signify the property of
buing God-like. Gocel presapposes the following dofinizions:

40



(D) Formal Proofs Il (Beyond Maths): Avoiding the Modal Collapse

Gaodel’s Ontological Proof Revisited *

C. Anthony Anderson and Michacl Gettings

SOME EMENDATIONS OF GODEL'S
ONTOLOGICAL PROOF

o
Department of Philosophy

ontological argument for the existence of
d Sobel [5] and modified by C. Anthony
consider the extent to which Anderson’s
emendation is defeated by the typMof objection first offered by the Monk
Gaunilo to St. Anselm’s original OntNogical Argument. And we try to push
the analysis of this Godelian argumen\a bit further to bring it into closer
agreement with the details of Godel's ONn formulation. Finally, we indicate
what seems to be the main weakness of th\emendation of Godel’s attempted

Gidel's version of the mod:
God has been criticized by J. H
derson [1]. In the present

C. Anthony Anderson

Kurt Godels version of the ontological Mgament was shown by J. Howard

Sobel
na vemion wiich s immane v S objecti
‘which permits the proof of some of Gddels axior

definition is suggested

udation of
Proof

A New Small En)
Giédel’s Ontologica

Der Mathematiker und die Frage der Existenz Gottes
(betreffend Gadels ontologischen Reweis)

T =
s gaen, cab
o, Ni)

Keyuords: Ontological proef, G

1. Einfihrung 1. Introduction

Godel
g.w-m Zweck e vor-

liegendn Avbi i s, 2 ciner Detng ooy oy are ol

sented it (m ok 5 arian o ) 4 sy P
i foune i Adanus’ atzocctory romarks to he onlolod
proaf wses wodal logi and i m..alwa is an exciting exe

Imenticrung der und 2.
B e e estcnen s, Wik e o it e h etcte e
ber Godels von Profes-
Tanner 1991), jecsentl-

i o g o

e, ctshl i mih, schnel cin erveierte Kurzfasaung” | 2 sheiber, one us i cnen

Magari and others on Gddel’s ontological
proof

Petr Héjek

TITST IV ST COTR YT SYFeTee, CReTy oY SCTemees
182 07 Pragug, Czech Republic
e-mail: hafek@uivt.cas.cz

1 Introduction

offof my paper [H] and concentrates almost exclu-
perties of logical systems underlying Gadels on-
ariant by Anderson [A], with special care paid to
i to summa-

reading the preseniffaper (even it remains advantageous). Here we describe

Understanding Godel’s
Ontological Argament

FRODE BIGRDAL *

11 1970 Kurt Gidel, in a hand-sritten note entitled “Ontologischer Boweis',
put forward an ontological argument for the existenze of God, making use of
second-order modal logical principics. Let the second-order formala P(F)
stand for “the property F is positive”, and lot “God” signify the property of
bing God-like. Godel presupposes the following dofinicions:

Computer-supported Clarification of Controversy
1st World Congress on Logic and Religion, 2015
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(D) Formal Proofs Il (Beyond Maths): Avoiding the Modal Collapse

A controversy between Magari, Hajek and Anderson regarding the redundancy of some axioms

Proof D1’ A:Al' A2' A3' A4 A4' H:A4 A5 A5' H:A5 T3 T3' MC
Scott (const) - - - - N/I - - N/l - - P - P

Scott (var) - - - - N/I - - N/l - - P - P

Anderson (const) - - - - R (K4B) - - - R - - P CS
Anderson (var) - - - - R (K4B) - - - R - - P CS
Anderson (mix) - - - - R (K4B) - - - - - CS CS
Hdjek AOE' (var) - - cs S/l - - - S/l - - P(KB) CS
Hdjek AOE' O (var) - - - CS R - - - S/U- - P(KB) CS
Hdjek AOE" (var) - - - - S/l - - S/ - P(KB) CS
Anderson (simp) (var) - R R R (K4B) - - - -

Bjgrdal (const) R(K4) - R R - R(KT) - - N/ - - P(KB) CS
Bjgrdal (var) cs - R R - R(KT) - - N/ - - P(KB) CS

S/I = superfl. & indep.; R = superfl. & redund.; S/U = superfl. & unknown whether redund. or indep.; N/I = non-superfl. & indep.; P = provable; CS = counter-satisfiable
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(D) Formal Proofs Il (Beyond Maths): Avoiding the Modal Collapse

A controversy between Magari, Hajek and Anderson regarding the redundancy of some axioms

Proof D1’ A:Al' A2' A3' A4 A4' H:A4 A5 A5' H:A5 T3 T3' MC
Scott (const) - - - - N/I - - N/l - - P - P

Scott (var) - - - - N/I - - N/l - - P - P

Anderson (const) - - - - R (K4B) - - - R - - P CS
Anderson (var) - - - - R (K4B) - - - R - - P CS
Anderson (mix) - - - - R (K4B) - - - - - CS CS
Hdjek AOE' (var) - - cs S/l - - - S/l - - P(KB) CS
Hdjek AOE' O (var) - - - CS R - - - S/U- - P(KB) CS
Hdjek AOE" (var) - - - - S/l - - S/ - P(KB) CS
Anderson (simp) (var) - R R R (K4B) - - - -

Bjgrdal (const) R(K4) - R R - R(KT) - - N/ - - P(KB) CS
Bjgrdal (var) cs - R R - R(KT) - - N/ - - P(KB) CS

S/I = superfl. & indep.; R = superfl. & redund.; S/U = superfl. & unknown whether redund. or indep.; N/I = non-superfl. & indep.; P = provable; CS = counter-satisfiable

Leibniz (1646-1716)

C. Benzmiiller, 2016 — Computational Metaphysics: The Virtues of Formal Proofs Beyond Maths

characteristica universalis and calculus ratiocinator

If controversies were to arise, there would be no more need of disputation between two
philosophers than between two accountants. For it would suffice to take their pencils in
their hands, to sit down to their slates, and to say to each other ... : Let us calculate.

But: Intuitive proofs/models are needed to convince philosophers
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(D) Formal Proofs Il (Beyond Maths): See our Recent Publications

>

Computer-Assisted Analysis of the Anderson-Hajek Controversy, In Logica
Universalis, 2017.

Analysis of an Ontological Proof Proposed by Leibniz, Chapter in Death and
Anti-Death, Volume 14, Ria University Press, 2017.

An Object-Logic Explanation for the Inconsistency in Gédel’s Ontological
Theory, Kl 2016, Springer, LNCS, 2016.

The Inconsistency in Gédel’s Ontological Argument: A Success Story for Al in
Metaphysics, [UJCAI 2016, AAAI Press, 2016.

The Modal Collapse as a Collapse of the Modal Square of Opposition, Chapter in
The Square of Opposition: A Cornerstone of Thought (Collection of papers related to
the World Congress on the Square of Opposition IV, Vatican, 2014), Springer, Studies
in Universal Logic, 2016.

On Logic Embeddings and Gédel’s God, WADT 2014, Springer, LNCS, 2015.
Experiments in Computational Metaphysics: Gdédel’s Proof of God’s Existence,
In Science & Spiritual Quest, 9th All India Students’ Conference, Bhaktivedanta
Institute, Kolkata, 2015.

Invited Talk: On a (Quite) Universal Theorem Proving Approach and lts
Application in Metaphysics, TABLEAUX 2015, Springer, LNAI, 2015.
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Rational Reconstruction of the
Inconsistency of Gédel’s Axioms
[Benzmiiller&WoltzenlogelPaleo, IJCAI-2016]
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(D) Formal Proofs Il (Beyond Maths): Rational Reconstruction of Inconsistency

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: Vo[P(—¢) & —P(d)]
A property necessarily implied by a positive property is positive:

VOVYI(P(¢) A BYx[p(x) = ¥(0)]) = P)]
Positive properties are possibly exemplified: Yo[P(d) — Odxp(x)]
A God-like being possesses all positive properties: G(x) & Yo[P(p) — ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: OAxG(x)
Positive properties are necessarily positive: Yo[P(¢) — OP(¢)]
An essence of an individual is a property posse t and necessarily implying

any of its properties: ¢ ess. x o g YW (x) — O¥y(g(y) = ¢¥(v)
Yx[G(x) — G ess. x]

Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x) & Yol ess. x — Odyp(y)]

P(NE)
O0dxG(x)

Being God-like is an essence of any God-like being:

Necessary existence is a positive property:
Necessarily, God exists:

Difference to Gédel (who omits this conjunct)
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DemoMaterial — bash — 166x52
@sVB)@sv3)=Sfalse) | (((p@(~[SXB:mu,SX1:Sil: $False))@sV3)=strue))),inference(prim subst, [status(thm)l 166: [bind (SV11, Sth7(~[SV23imu, SV24:81): s7alse))])).
th¥ (B4, plain, (| (5V22 (mus{$i>¢o) ), V3151, SVBs (mu($150)) 1 0((SVB@l [ (sK2_SY33ESV3)a(~[SXB:nu, SKLs (~ ([SV2265K0)@SX11)) )@SVB) dal ( (sK1_SY31e(~[SXBsnu, SK1séil: (
~ ((5V22B5X0)@5X1))) JESVBIESVI ) )=strue) | (((p@SvRIGSV3)=sTalse) | (((pB(5KB:my, SXI:S1l: [~ ((svu@sm@sxn)))@svn =struel}), interence (prin_subst, [status(tha) ], (66
: [bind(SV11,Sthe(~[SV28:my, SV21: (~ [(sV22ESv28)esvai) ) )11,
EnFB5, plain, (! (5V4:61,5V0: (mus(5i-50)) 13 ({{(p@(~[SY275mu, SY2B:61]: [~ ((SVOESY27)@SY28))))esv4)=stalsel | ((1(peSwa)@sve) =
@svzaJJ))@5\/4)J=sfalse))J.mferenze(fac;estr, [status(tnm)l,[sa 1}

= ((p@l~5¥27:mu,5¥28:$1): (~ ((SVIE5Y27)
h(86, plain, (1[SY4:51,5V0: (mu>(Si>S0) ) J: ((((p@(~[SY29:mu,§Y38:5i]: (~ ((SVOESY29)@SY3R))))@SV4)=Strue) | ((((p@SVI)ESV4) = ((p@(*[SY20:mu,5Y30:51): (~ ((SVOESY29)@
5Y38))) J@SV4) )=s7alse) )}, inferencel fac_restr, [status(thal], [57))).

th(B7,plain, (! [SV4:$1,5Va: (mu=(Si>Se))): ((((~ (((p@SVa)@Sv4) | ((p@(~[SY27:mu,S¥28:%1]: (~ ((SWOESY27)@SY28))))@s¥4))) | (~ ((~ ((p@sva)@sva)) | (~ ((p@l~[Sy27:mu,
SY28:8i]: (~ ((SVOESY27)@SY28))))@svd)))) Lse) | (((p@(~[SY27:mu,5Y28:83): (~ ((SVOESY27)@SY2H))))@SV4)=5False)) ), inference(extcn?_equal neg, [status(thm)], [85]))

thf(88,plain, (! [S¥4:51,5V8: (mu=(Si>Su)) )z ((((~ (((p@SVI)@SVA) | ((p@(~[SY28:mu,SY30:51): (~ ((SVBESY20)ESYIR)))I@EV4))) | (~ ((~ ((p@SVE)@sv4)) | (~ ((p@(*[SY29:mu,
5Y38:5i]: (~ ((5VOE5Y20)@5Y3R))))@sv4)))))=sfalse) | (((p@(*[5Y29:mu,5Y3B:81): (~ ((SVAESY20)@5Y3R))))@sV4)=strue))), inference(extcn?_equal_neg, [status(thm)], [ .

th(92,plain, (! [SV4:$1,5Va: (mu=(Si>Se))): (((~ ((~ ((p@SV9)@SV4)) | (~ ((p@(~[SY27:mu,5¥2B:$i]: (~ ((SVO@SY27)@SY28))))@sva))))=stalse) | (((p@(~[SY27:mu,S5Y28:$1]:

alse))], inference(extcn?_or_neg, [status(thm)], (871)).
5VB.(mu>t$J}$nll| G~ (((p@Svo)@sv4) | ((p@(~ISY29:mu,5Y30:8i]):

(~ ((5¥9E5Y20)@SY30) ) ) )@sv4) ) )=s7alse) | (((p@(~[SY29:mu,5Y3B:81): (~ ((SVo@
5Y29)@5Y30) ) ) )@sva)=strue)) ), inference(extenf_or_neg, [status(thm)], (89)))
£hF196, plain, (1 (SV4:51,5V0: (mu>(5i>S0) 1 1: ((T(~ ((peSVOIESVEN) | [~ (Eu@( [SYZ? mu, SY28:$i): (~ ((SV9@SY27)@SY28))))@SVA)))=5true) | (((pE(~SY27:mu,5¥28:5il: (~ ((S
false))), inferencelextcn?_not_neg, [status(thm) ], [92])
£n#(97, plain, (! (Sv4:51,5V9: (mu={5i-50) ) 1 (((((pESVSIasva) | ((pal™ [svza nu, 5Y3ﬂ $il: (~ ((Svo@SY20)@sy3e))))esva))=strue) | (((p@(~[SY29:mu,SY38:51): (~ ((SVIESY29)
©5Y38))))@5V4) =St rue))) , inference (extcn_not_neg, [status(thm)], [93])
th7(168, plain, (! [SV4:81,500; (mu>($l>$nl)|

(((~ ({peSVI)ESVA) )= Strue} | U~ ((p@(~[SY27:mu,SY28:5i): [5¥27:mu, 5Y28: 5113
se))), inference(extenf_ar_pos, [status(tha)], [96])).

thf(101,plain, (! [SV4:$i,5v0: (mu>($1>$n))l ((((p@sVEJ@S\M] strue) | (((p@l ("[SYZE mu,5Y30:8i): (~ ((SVI@SY29)@SY38))))@Sva)=strue) | (((p@(~[SY29:mu,SY30:51]
985Y20)E5Y38) )))@SY4)=Strue) ) ), inference extcn? or_pos, [status(thm)], (87

(163, plain, (1 [SV4:41,509: (mum (S15801 )1+ (1 ((paSVOIESV4)=statse) | tt~ ((p@( [5¥27:mu,5¥28:81] [~ [(SVOGSY27)@SY28))))@SV4) )=strue) | (((p@i*(5Y27:mu, SY28:8i): (
HSVE@SYZ?)@SVZE]]])@S\MJ false))), inference(extenf_not_pos, [status(thm)], [108)))

th7(185, plain, (1 [SV4:Si,5V0: (mu>(53>$0) ) ): ((((p@(~[SY27:mu, SY28:5i): [~ ((sw@svumsvza)nmsvm sfalse) | (((p@SVD)@SV4)=Sfalse) | (((p@(*ISY27:mu,5Y20:8i):
SVBESY27)@5Y281)) )@SV4)=4alse))) , inference exten?_not_pos, [status(thm)l, [183])

th(107,plain, (! [SVB: (mu>(Si>S0)),5V3:5i,5v22: (mu>($i>50) )] : c(((svu@tt(us,svn@sva)@( [5xe

(~ ((SV2265X8)ESX1)) ) JESVB)ESV3) )=Strue) | (((pESVB)@SV3)=SFalse] | (((p@i™(SXE:mu,SXL:Sil:
1, 1781)).

th#(188, plain, (! [S¥11: (mu=($i2$0)),5¥3: $1,5V15: (mu=($1250) ) ):
SX1:8i): (~ ((SV15ESX8)@sx1))))@sv3))=stalse) | (((p@(~[Sxe:
sitha)l, (81))).

tnf(m,plam (1[5¥4:81,5V0: (mu=($1250) )]

(~ ((5¥9@SY27)@SY28) ) ) )@sva!

((SVB@eSY27)@5Y28) ) ) )@Sv4) b=strue) | (((p@(*

ol (hsy

(LN
u (~ ((Sv22@SX8)@Sx1))))@SVe) )@( ((sK1_Sy31@(~[Sx@:mu,5X1:51]:
(~ ((svzz@sxa)@sxl)m@sv]) Struel)), inerence (exten?_not_neg, [statusithn

(((5¥156( ((5K2_5Y33@5V3)@SV11) @i~ [SKB:mu, 5X1:$1)
u,5X1:81]

s i~ ((SVIS@SKR)@SX1))1) )@l {{sK1_SYIIesVI1)e(* (SXBznu,
(~ ((SV15@5X8)@SX1))) )@S¥3)=sfalse) | (((p@S¥11)@sv3)=strue))),inferencelextent_not_pos, [statu
(0 (p@A[5Y27:mu, 5Y28: 1)t (~ ((SWORSY27)@SY2B))))@Svd)=salse) | (((p@SVa)@sv4)=sfalse))), inferencelsim, [status(tha)], (18
({0 (peSVOIESV4)=Strue) | (((p@(~[SY29:mu,5Y30:81):
thf(111,plain, (! [S¥3:$1,5VB: (mu=(Si=$e))): ((((p@SVB)@SVI)=$false) | (((p@(~[Sxa:: : Strue))@sv3)=strue))),inference(sim, [status(thm)], [76])).
ERE(112,plain, (1 [SV11: (s (S1o30] ), 8V0L 31 ((( (BOIA 9K mu, X161 Sfaee) |CSV3-5alea) | (((RESVIT)ESHa)-strue) ) ) inserance | sin, (status (thal 1, (B011).
7113, plain, ((($talse)=strue) ), inferencel fo_atp_e, [status(thn |, (25,112, 111,118,109, 108,187, 64, 83,82, 75, 74, 73,72, 71,78, 69, 68, 67,66, 65, 62,57, 56,51, 42,2811
thi(114,plain, ($7alse) , inference(solved_all_splits, [solved_all_splits(join

sh
th(110, plain, (! [SV4: $1,5V0: (nu=(5i>Sa))]: (~ ((SV9@SY29)@SY38))))ESV4)=Strue) )), inference(sim, [status(thm) ], [181]
n.

S0, 11131)).
% SZS output end (NFRefutation

derivation protocol s
clauses in derivation: 97 s
Sprce Clause counter: 113 meex

% SZS status Unsatisfiable for ConsistencyWwithoutFirstConjunctinD2.p : (rf:@,axiom:
extenf_combined: true,expand_extuni:false, foatpie,atp_tineout:25,atp_calls_frequenc
ation: fof_full)

ontole

/Ps:3,ut6,ude: false, rLeibEQ: true, rANdEQ: true, use_choice:true, use_extuni:true, use.
8, ordering: none, proof_output:l, clause_count:113,loop_count:8, foatp_calls

:2,transt
emoMaterial cbenzmuellers [
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(D) Formal Proofs Il (Beyond Maths): Rational Reconstruction of Inconsistency

[BenzmuillerWoltzenlogelPaleo, IJCAI, 2016]

Def. D2 ¢ ess. x o DL VY (Y(x) — OVy(@(y) = ¥ ()
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(D) Formal Proofs Il (Beyond Maths): Rational Reconstruction of Inconsistency

[BenzmuillerWoltzenlogelPaleo, IJCAI, 2016]

Def. D2* ¢ ess. x & D VY (P(x) — aVy(p(y) = ¥(y)))
Lemma 1 The empty property is an essence of every entity. Vx (0 ess. x)
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(D) Formal Proofs Il (Beyond Maths): Rational Reconstruction of Inconsistency

[BenzmuillerWoltzenlogelPaleo, IJCAI, 2016]

Def. D2 ¢ ess. x & DETC Vg (Y(x) — OVy((y) — ¥()))
Lemma 1 The empty property is an essence of every entity. Vx (0 ess. x)
Theorem 1 Positive Properties are possibly exemplified. Yo[P(p) — OTxp(x)]
Axiom A5 P(NE)
> by T1, A5: OAx[NE(x)]
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(D) Formal Proofs Il (Beyond Maths): Rational Reconstruction of Inconsistency

Def. D2*
Lemma 1
Theorem 1
Axiom A5
Def. D3

>

v

v

>

>

Inconsistency

[BenzmuillerWoltzenlogelPaleo, IJCAI, 2016]

¢ ess. x & DT VYR — BV = Y())
The empty property is an essence of every entity. Vx (0 ess. x)
Positive Properties are possibly exemplified. Yo[P(¢) — OAxgp(x)]
P(NE)

by T1, A5: OAx[NE(x)]
NE(x) & Yol ess. x = Oyd(y)]

by D3 OAx[VPlep ess. x — OAy[p(y)]]]
OAx[0 ess. x — OAy[O(y)]]

by Lemma 1 O[T — oIy[0)]]
by def. of 0 O[T — O]
OAx[OL]

ool

1
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(D) Formal Proofs Il (Beyond Maths): Rational Reconstruction of Inconsistency

@SVB)@SV3)=sfalse) | (((p@(~[SX8:mu,SX1:$1): $false))@SV3)=: strue))
tht(84,plain, (! [SV22: (mu>($1>$0) ), 5V3: 81, SVB: (mu>($i>$0))): ((((S

st ion X1:8i): (
~ ((SVZZ@SXG)@SXI)))l@SVB)@SV])) strue) | (((p@Sv8)@sv3)=sfalse) | (((p@(~[SX®:mu,5X1:$i) ((5V22@5X8)@SX1))))@SV3)=strue))), inference(prim_subst, [status(thm)], [66
: [bind(SV11, Sthf(~ SV21:8i): (~ (( NN

th(85,plain, (! [SV4:$1,5V9: (mu>($i>$0))): ((((p@(~[SY27:mu,5Y28:$) svoesy27)
@SY28))))@sv4) )=sfalse))),inference(fac_restr, [status(thm)], 155])1

thf(86,plain, (! [SV4:$1,SV!

vaesy29)e
§Y308))))@sv4))=sfalse))),inference(fac_restr, lstatus(thmbl,lﬂ))).
the (87, plain, (1 [Sv4:s1,8v3: (mu>(s2>500)1: ({((~ (((pesvalésva) | | Q[T pty property 1sv27:mu,
§Y28:$i): (~ ((SV9@SY27)@SY28))))@sv4)))) false) | (((p@(~[SY27: . 1,185])).
thf(89,plain, (! [SV4:$1,5V9: (mu>($i>$0))): ((((~ (((p@SVI)@SV4) | [ ]

(5Y29:mu,
SY30:5i): (~ ((SV9@SY29)@5Y30))))@sv4)))))=sfalse) | (((p@(~[SY29: , [86]))
thf(92,plain, (! [SV4:$1,5V9: (mu>($i>$0))): (((~ ((~ ((p@SVI)@SV4)) 28:81): (
~ ((SV9@SY27)@5Y28))) )@sV4)=stalse) ) ), inference(extcnt_or_neg, [stal
thf(93,plain, (! [SV4:$1,5V9: (mu>($i>S0))): (((~ (((pesvalesvd) | ( (~ ((svee
5¥29)@5Y38))) )@SV4)=strue) ) ), inference (extcnf_or_neg, [status(thm)]

th?(96,plain, (1 [SV4:$1,5¥9: (mu>($i>50))): ((((~ ((pesva)esvé)) | I: (~ (S
V9@sY27)@SY28) ) ) )@sv4)=sfalse)) ), inference(extcnf_not_neg, [status(

th(97,plain, (! [SV4:$1,5V9: (mu>($i>$0))): (((((p@Sva)esvé) | ((pe| also denoted svaesy29)
@5¥30)) ) )@sv4)=strue))), inference(extcn_not_neg, [status(thm)], 93 .
thf(10@,plain, (! [SV4:$1,5V9: (mu>($i>S0)) (((~ ((p@sva)@sv4))=st| SY28:9i):
(~ ((5v9@SY27)@SY28))))@SV4)=$false))),inference(extcn?_or_pos, [s|
th?(161,plain, (! [SV4:$1,5V9: (mu>($i>$0))): ((((p@SVO)@SV4)=Strue) (> sV
9@SY29)@SY30))) )@sv4)=strue))), inference(extcnf_or_pos, [status(tl

th?(103,plain, (! [SV4:$1,5V9: (mu>(si>50))]: ((((p@Svalesva)=sfalse) | ((~ ((pa(* [sv27«mu,svza-s:1~ ~ ((Sv0@SY27)@SY28))))@SV4) )=strue) | (((p@(~[SY27:mu,5Y28:81): (~
((SVQ@SYZH@SYZB))))@SV‘! $false))),inference(extcnf_not_pos, [status(thm)], [1

08)))
th(105,plain, (! [SV4:$i,5V9: (mu>($i>S0))): ((((p@(~[SY27:mu,SY28:81): (~ l(sv9@5v27)@svzsn))@sv4) sfalse) | (((pesva)esvé)=sfalse) | (((p@(~[SY27:mu,SY28:8i): (~ ((
SV9@SY27)@sY28))) J@sv4)=sfalse))), inference(extcnf_not_pos, [status(thm)], (103]))

the (107, plain, (! [SVB: (nu>($iS0) ), SV3:51, 5V22: (mus($1550) )1 ((((SV228({ (sK2_SY33eSV3)e(~ [SXB:nu, ¢ (~ ((SV22@SXB)@SX1))))@SVB) )@l ((sK1_SY318(~[SX0:mu,SX1:$i):
(~ ((5V22@5X8)@SX1))) )@SVB)@SV3) )=strue) | (((peSvB)@sv3)=sfalse) | (((p@(~[SX8:mu,SX1:$i): (~ ((svu@sxa)@sxl))))@svn Strue))),inference(extcn?_not_neg, [status(thm
)1, 1780)).

th(108,plain, (! [SV11: (mu>($i>S0)),SV3:$1,5V15: (mu>($i>S0))): ((((SV15@(((sK2_SY33ESV3)@SV11)@(~ [SX@:mu,SX1:8i]:
SX1:8i): (~ ((SV15@SX8)@SX1))))@Sv3))=sfalse) | (((p@(~[SX8:mu,5X1:$i)

s(thm)], (8

1])).
tm(las plain, (![SV4:$1,5V0: (mu>($i>S0))): ((((p@(~[SY27:mu,SY¥28:81):

(~ ((SV15@SX@)@SX1)))))@( ((sK1_SY31@Svi1)e(~[SXe:mu,
+ (~ ((SV15@5X@)@esX1))))esva)=sfalse) | (((peSV11)@sv3)=strue))),inference(extcn_not_pos, [statu

(~ ((svagsY27)esy28))) )esva)=sfalse) | (((p@sva)@sva)=sfalse))),inference(sim, [status(thm)], [10
s1))
tht {118, plain, (1 [SV4:51,5V0: (mu>(i>$0))1: ((((pesva)esva)=strue) | (((pe(~ mu, SY38:8i): (~ ((

30))))@sva)=strue))), inference(sim, [status(thm)], [101)

thf(111,plain, (! [SV3:$1,5V8: (mu>($i>$0))): ((((p@SVB)@SV3)=sfalse) | (((p@(~[SX8:mu,SX1:$i): Strue))@SV3)=Strue))),inference(sim, [status(thm)],[76])).
thf(112,plain, (! [SV11: (mu>($i>S0)),SV3:$1): ((((p@(~[SX@:mu,SX1:$1): Sfalse))@sv3)=sfalse) | (((peSV11)@sv3)=strue))),inference(sim, [starus(thm)l [801))
thf(113,plain Strue)), inference(fo_atp_e, [status(thn)], [25,112,111,110,109, 108,107, 84,83,82,75,74, 73,72, 71,70, 69,68, 67, 66,65, 62,57,56, 51, 42,2
thf(lu.nlalnnftrence(solved all_splits, [solved_all_splits(join, [1)], [113])).

% SZS output erth Ptation

Speoex End of derivation protocol
Spoex n0. of clauses in derivation:

97 clauses
spocex clause counter: 113 soex '1 53 ||nes
% 525 smunr ConsistencywithoutFirstConjunctinD2.p : (rf:@,axioms

ude: false, rLeibEQ: tru
extcnf_comb!

R extuni: false, foatp:e,atp_timeout:25,atp_calls_frequency: B,nrﬂer;ngmnne,pmef output:1, 281 52 h t
ation:Tof full) Characters
ontoleo:Denotaterial cbenznuellers
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eog e e ifx e w‘*—‘ ¢ ess. x o Yy (x) = a¥y(@(y) — ¥(y))) D2*
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Further Ongoing Work

jww: Ed Zalta (Stanford, US), Dana Scott (Berkeley, US),
Alex Steen and Max Wisniewski (FU Berlin), many others
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(D) Formal Proofs Il (Beyond Maths): Lecture Course on Computational Metaphysics

Metaphysics: Foundational Branch in Philosophy, that ...
... studies the fundamental nature of being and the world that encompasses it
... looks beyond experience in the real world

Adresses ultimate questions, such as:

- What is there?

- What is it like?

- Is there a God?

- What can | know?

Method: Rational Argumentation

7
N
<}
T
@
5
E
£
k)
[

Lecture Course won the 2015 Central Teaching Award of FU Berlin
(jww: Alex Steen, Max Wisniewski, and others)

» MSc students in Maths, CS, Philosophy and Physics from FU, TU and HU
> Invited Lectures by Philosophers (Zalta & Lenzen) and Computer Scientists
> First course of this kind worldwide!
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(D) Formal Proofs Il (Beyond Maths): Principia Metaphysica (Zalta)

ABSTRACT
OBJECTS

An nroducton o Aiomatic Metaphysics

v

Objective:

> Joint work with:
> Papers:
> Logics:
> Results:

—since ‘83—

NOTE: This is an excerpt from an incomplete draft of the monograph Prin-

cipia Logica-Metaphysica. The monograph currently has four parts:
Part I: Prophilosophy
Part IL: Philosophy
Part I1I: Metaphilosophy
Part IV: Technical Appendices, Bibliography, Index
This excerpt was generated on October 18, 2016 and contains:
* PartI:
Chapter 7: The Language
Chapter 8: The Axioms
Chapter 9: The Deductive System
Chapter 10: Basic Logical Objects
Chapter 11: Platonic Forms
Chapter 12: Situations, Worlds, and Times
Chapter 13: Concepts
Chapter 14: Numbers
« Part1V:
Appendix: Proofs of Theorems and Metarules

Bibliography

Principia Logico-Metaphysica

Formalisation/Automation of Principia Metaphysica
Daniel Kirchner (student of mine), Ed Zalta (Stanford)
soon
Hyper-Intensional Higher-Order Modal Logic

> PLM fully formalised (by Daniel), only minor issues detected
> good degree of automation, abstract level theorem prover

» Sources: https://github.com/ekpyron/TAO
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https://github.com/ekpyron/TAO

(D) Formal Proofs Il (Beyond Maths): Intensional Version of Ontological Argument

104 TYPES, TABLEAUS, AND GODELS GOD
TRENDS IN LOGIC - STUDIA LOGICA LIBRARY s g
Bllowing
(36 > (@ > T0u)(Glw) > @)} 3

W have Corollary 11,28, from which

Types, Tableaus,
and Goédel’s God PN,

s

Q> OEFwGw) >0Q) (19)
Finally (119), ad Corollary 1 -

"
Melvin Fitting 4200 wm

» Objective: Formalisation/Automation of Fitting’s Book
> Joint work with: David Fuenmayor (student of mine)
> Papers: soon
> Logics: Intensional Higher-Order Modal Logic
> Results:

> essential parts are formalised (by David), only minor issues detected so far
> good degree of automation

> Sources: https://github.com/cbenzmueller/TypesTableauxAndGoedelsGod
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https://github.com/cbenzmueller/TypesTableauxAndGoedelsGod

(D) Formal Proofs Il (Beyond Maths): Provability Logic
OOASR)>OA

George Boolos

*AS>OCA
> Obijective: Formalisation/Automation of Boolos’ Book
> Joint work with: David Streit (student of mine)
> Papers: soon
> Logics: Provability Logic
> Results:

> essential parts are already formalised, no issues detected so far
> good degree of automation

v

Isabelle sources: will-soon-be-made-public
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will-soon-be-made-public

Conclusion

v

Formal Proofs Increasingly Relevant in Maths, CS and Beyond

v

Significant Improvements in Interactive and Automated Theorem Proving

v

Universal Logic Reasoning Approach via Shallow Semantic Embeddings
Deep Analysis of Rational Arguments on the Computer
> exemplary focus on the Ontological Argument
> significant contribution towards a Computational Metaphysics
> even novel results contributed by theorem provers
> related work: only for Anselm’s simpler argument
> first-order ATP PROVER9 [OppenheimerZalta, 2011]
> interactive proof assistant PVS [Rushby, 2013]
> approach works well in practice: matches granularity of human arguments
> approach can be adapted for other logics and logic combinations

v

Outlook: Many relevant other applications (but | need resources!)

» Maths, Computer Science, Artificial Intelligence
> Philosophy, Natural Language Processing

> Law, Ethical and Moral Reasoning

> Rational Argumentation in general
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What about the devil?

& j Roman Kuznets
B B May 25 at 5:05pm - %

Question after the talk on Gédel's ontological proof of God: "Can such a
reasoning be used to prove the non-existent of Satan?" Speaker: "l believe
that is still an open problem." Pure gold.

Bruno, are you up for the challenge?
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Common Beliefs regarding the Question

= Hans de Nivelle | always assumed that the Anselm ontological argument
1 applies to Satan without change. Satanity is the worst possible property. From
that follows that the notion must be realized in the world, because not-realized
it would be better.

Like - Reply - 52 - May 25 at 5:16pm - Edited
Roman Kuznets Roy Dyckhoff, would this be a satisfactory answer?
M Like - Reply - ¥ 1 - May 25 at 6:38pm - Edited
Roy Dyckhoff Worst possible for us, perhaps, but not for Satan
himself...
Like - Reply - 5 1 - May 25 at 8:04pm
Roy Dyckhoff Non-existence is a thoroughly negative property; so,

defining S as the maximally negative being, one might argue that S
has the property of non-existence... (necessarily).

Like - Reply - May 25 at 9:57pm

\ Bruno Woltzenlogel Paleo | have just spent a few moments playing with this
in Isabelle. Here is what | can tell you:
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o0 e __ Satan_S5U.thy
DIEdE & 9¢ {00 A& BED B & @ |€»
[ Satan_S5U.thy (~/Dropbox/Pesquisa/Projects/GoedelGod/Formalizations /Isabelle/Satan/)

theory Satan_S5U imports Scott_S5U

begin

definition D where "D(x) = (V®. =P(®) — d(x))" (* Definition of Devil *)

o lemma T3D: "|O (3 D)|" (* Necessarily, the Devil exists *)
nitpick [user_axiﬂms = true] (* Nitpick finds a counter-model *)

oops

© Auto update  Update | Search: ~

Nitpicking formula...
> Nitpick found a counterexample for card i = 1 and card p = 1:

o Skolem constants:
Axa. ?2.D.x = (MAx. _)(u1 := (Ax. _)(p1 := (Ax. _)(i; := False)))
v =1

(* nitpick [user_axioms = true, satisfy] *) (* Nitpick does not find a model *)

100%

4

uoneaWNd0q

S3LI03YL  OPDIRPIS
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e0e Satan_S5U.thy

DEd@5:c:09 ¢ DB Q@ 0BEE:E]

# ©: |e»

lemma T3ND: "| = ( O (3 D) ) |"
(* nitpick *) (* Nitpick does not find a counter-model *)
nitpick [user_axioms = true, satisfy] (* Nitpick finds a model *)
sledgehammer [provers = remote_leo2 remote_satallax] (* leo2 finds a proof *)
by (metis (no_types, lifting) Ala A4 A5 D_def NE_def ess_def) (* metis finds a p

 Auto update Update  Search: v 100% v

Sledgehammering. ..
"remote_satallax": Timed out.
"remote_leo2": Try this: by (metis (full_types) Ala A2 A5 D_def NE_def ess_def) (952 n

1 Satan_S5U.thy (~/Dropbox/Pesquisa/Projects /GoedelGod/Formalizations /Isabelle/Satan/) H L

“4

uoneIuaWNI0Q

21103UL  SPDRPIS
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ece
DNedeE: & 9 e

> | lemma A2D: "|V® U,

L oops

Nitpicking formula...

Skolem constants:
W= i
X = (Ax. _)(p :
X = (Ax. _)(m

XD RB@ TEEE EX & @ €»
1 Satan_S5U.thy (~/Dropbox/Pesquisa/Projects /GoedelGod/Formalizations /Isabelle/Satan/)
(* The analogous of axiom A2 for negative properties is counter-satisfiable
(* This shows that Goedel'?theory is "asymmetric". *)
(* It tells us more about positive properties than about negative properties. *)

Satan_S5U.thy

- P(®) A O(Vx. &(x) = ¥(x)) —

\ nitpickl[user_axioms = true]

(Ax. ) (1
(Ax. ) (1

(* Nitpick finds a counter-model *)

Auto update Update

> Nitpick found a counterexample for card i =1 and card p

;= False))
:= True))

- P(U) "

Search

I
-

-

*)

100%

4

uoneaWNd0Q

Sau0dYL  HILRPIS
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Reading “P” as “Negative” and “G" as “Devil-like”

theory Scott_S5U imports QML_SSU
begin
consts P

n=0) ="

axiomatization where

Ala: "[VE. P("®) - =P(®)]" and

Alb: "[VD. =P(®) — P("®)|" and

A2: VR WL P(®) A O(Vx. &(x) = U(x)) = P(U))"
definition G where

"G(x) = (Vb. P(®) — B(x))"

axiomatization where

A3: "[P(6)]" and

Ad: "|VE. P(®) — O(P(2))]"

definition ess (infixr "ess" 85) where

"D ess x = B(x) A (VE. ¥(x) — O(Vy. &(y) — ¥(y)))"
definition NE where

"NE(x) = (VO. @ ess x — O(3 @))"
axiomatization where

AS: "[P(NE)|"

theorem T3: *[O0 (3 6)|" -- {* LEO-If proves T3 in 2,5sec *}
sledgehammer [provers = remote_leo2]
by (metis (lifting, full_types)

Ala Alb A2 A3 A4 A5 G_def NE_def ess_def)

lenma True nitpick [satisfy,user_axioms,expect=genuine] oops
-- {* Consistency is confirmed by Nitpick *}

theorem T2: "[Vx. G(x) — G ess x|"
sledgehammer [provers = remote_leo2]
by (metis Alb A4 G_def ess_def)

lemma MC: “|VO. © — (O ®)]* - {* Modal Collapse *}
sledgehamner [provers = remote_satallax, timeout=600]
by (meson T2 T3 ess_def)

end

Do the 5 axioms

still make sense?

Do theg caPture

our intuition of negativity?

Are we wi”ing to accept
“P(NE)” ?
Are we wi”ing to accept
“PAx.x=x)" 7
Are we wi”ing to accept
“PAX.T)”?
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Proof in S5

Scott’s
) D2: ¢ ess x EN/\ Y.(P(x) = OVx.(p(x) = P(x)))
version Godel’s version did not have this conjunct !
D3: E(x) = Vo.[p ess x = O0Fy.p(y)]
Ak _ ___ _AMa
A3 VoVP.[(P(p) ATVx[p(x) = Pp(0)]) » P[] Vo.[P(=p) = =P(p)]
P(G) T1: Vo.[P(p) - 03x.p(x)]
C1: 032.G(2)
____ A _ M
Vo.[-P() = P(-p)]  Vo.[P(p) — O P(p)] A5
T2: Vy.[G(y) = G ess y] P(E)
L1: 3z.G(z) —» 0dx.G(x) S5
02.G(z) —» o0Ir.G(x) VE[onE — n&]

L2: ¢3z.G(z) — odx.G(x)

C1: 03z2.G(2) L2: 03z.G(z) —» oIx.G(x)
T3: 0dx.G(x)
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